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Introduction to Stochastic MPC

System Trt1 = Az + Bug + wy

Constraints P{(z,u) e Y} >p
Y=A{(z,u): Fx+Gu <1}
Stochastic disturbance w € W

Stochastic MPC
At k=0,1,...:
@ obtain xy and optimize {ux(xg), ..., uk+N—1(TxrN-1)}:

N—-1
e E{F(karN)"‘Ze(kaa“kH)}

Uk (+) s URp N —1

=0
s.t. Thtj+1 = ATpyj + Bupqj + Wit
P{(@hrs ubts) € Vi 2 p

TpiN € Xf
@ apply first element of optimal sequence: uj, = uj(xy)



Stability and convergence results for Stochastic MPC

1. Negative Drift Conditions

There exist measurable functions V : R"* — [0,00), ¥ : R”* — [0, 00)
and a bounded and measurable set Z C R™=, such that

E{V(z1)|xo =2} —V(x) < -U(x) Ve ¢Z

@ This implies boundedness of E{V (zy) | o = }ren

@ Stochastic MPC typically ensures a drift condition, e.g.:
E{V(z1)|zo =2} —V(z) < —-(1-XNV(z) V¢ 2Z
for A € (0,1), for some Z

But this doesn’t give non-conservative ultimate bounds on =
or a probabilistic description of the terminal regime



Stability and convergence results for Stochastic MPC

2. Convergence of average performance

k
1
1 — <
klgrolok E {ar Qx]—i—u Ru;} < Ly,

@ An alternative notion of convergence of Stochastic MPC via
asymptotic average performance

@ Results in conservative bounds except in special cases
(e.g. if ug converges to certainty equivalent optimal feedback)



Stability and convergence results for Stochastic MPC

3. Input to state stability (ISS)

The origin of zx1 = f(xk, wy) is ISS with region of attraction X C R™=
if z, € X for all k, all zo € X and all w € W, and

lzxll < B(llzoll, k) + v(igg{llwtll})

where ( is a L-function and + is a KC-function



Stability and convergence results for Stochastic MPC

3. Input to state stability (ISS)

The origin of zx1 = f(xk, wy) is ISS with region of attraction X C R™=
if z, € X for all k, all zo € X and all w € W, and

k]l < B(llzoll, k) + ’Y(iglz{llwtll})

where ( is a L-function and + is a KC-function

Lemma: ISS [Jiang & Wang, 2001]

The origin of z5+1 = f(xk, wy) is ISS with region of attraction X C R™=
if X contains the origin in its interior and is robustly invariant, and a
continuous function V' : X — R (called an ISS-Lyapunov function)
exists satisfying, for all x € X and w € W,
ar([lz]) < V(z) < aa(f=]])
V(f(z,w) = V(z) < —as(l|zll) + o([lw])
where o, as, a3 are Ko-functions and o is a K-function



Stability and convergence results for Stochastic MPC

ISS implies:

— the origin is asymptotically stable for zy11 = f(2,0)

— all state trajectories are bounded since W is bounded

— all trajectories converge to the origin as k — oo if wi — 0
... but it doesn't provide

@ non-conservative ultimate bounds on

@ a probabilistic description of the terminal regime



Stability and convergence results for Stochastic MPC

Observation: many Stochastic MPC analyses give qualitative
stability /convergence results but do not characterize asymptotic
behaviour exactly

Goal: general conditions characterizing exact asymptotic behavior under
Stochastic MPC

Tools: (i) results on convergence of Markov chains
(ii) ISS properties of controlled systems



Convergence for ISS systems

Definition (Markov chain)

Consider a measurable space (X, B(X)) and a stochastic process
x = {z € X}ren defined on (2, F), where F is a o-algebra on
Q =1I2,X,;, and X; = X for all i. Then x is a time-homogenous
Markov chain with transition probability function

Pz, A) =P{zp € A: xp =z}
if the distribution of x satisfies the Markov property
P{l‘k-t,-l cA: T; = Xy, JjEe Nk} = P(j/c,A)

Definition (Invariant measure)

For the Markov chain x an invariant probability measure is a stationary
distribution, i.e. a probability measure 7 satisfying

m(A) = / m(dz)P(z, A), VA e B(X)



Convergence for ISS systems

Markov chain convergence results [e.g. Meyn and Tweedie, 2005]:

Let x be a p-irreducible Markov chain with state space X C R"»
such that

(1) x is generated by xp1+1 = f(2k,wy), for some continuous
f: X x W — X and a stochastic disturbance {wy; € W}ien

(ii) x is aperiodic
(i) supp(y) has non-empty interior
(iv) there is a measurable function V' : X — [0, c0) such that for any

¢ < oo the set Cy (c) == {y : V(y) < ¢} is compact, and there is a
compact set C satisfying for all z;, € X:

E{V(xk+1)} — V(xk) § —1 + blc(l‘k)



Convergence for ISS systems

Markov chain convergence results [e.g. Meyn and Tweedie, 2005]:

then

Theorem (Markov chain convergence)
An invariant probability measure 7 (-) exists satisfying

lim sup |P*(z,A) —7(A) =0
k—)oerB(

where P*(z, A) .= P{xy € A: x¢ = z}, and the Law of Large Numbers:

holds for any h : X — R such that E;{|h(x)|} < oo
where E-{h(z)} = [ n(dz)h(z)



Convergence for ISS systems

10

We apply these results to systems of the form
Trr1 = f(zr, wy) = g(zx) + Dwy,

with z € X, wi € W and g : X — X continuous with g(0) =0

Assumption 1. (Disturbance distribution)

The disturbance sequence {wi, € Whyen is i.i.d., with E{w,} =0 and a
non-singular probability distribution such that

P{|lw| <A}>0 VA>0



Convergence for ISS systems

Suppose there is a linear terminal mode of operation to which we want to
prove convergence

Assumption 2. (Linear terminal mode)

There exists a bounded set Xy C X containing the origin in its interior,
such that for all z € Xy,

(i) f(z,w) € Xy forallweWw

(ii) f(z,w) = Az + Dw for all z € X, where A is Schur stable
and (A4, D) is controllable

Then the linear terminal dynamics define a transition probability function
P(zx,-) and an invariant probability measure 7(-), where

o T is the probability measure of >y, A¥ Duwy,
o the support of 7 is the minimal invariant set X, = @, AEDW



Convergence for ISS systems

Assumption 3. (ISS)
The system zx41 = g(xk) + Dwy has an ISS-Lyapunov function

@ Clearly this implies that the origin is ISS, but it does not directly
guarantee convergence to the terminal mode of operation

@ The ISS property can be coupled with the stochastic nature of the
disturbance sequence to prove convergence to Xy



Convergence for ISS systems: main result

Under Assumptions 1-3, the Markov chain convergence results imply:
Theorem

The system x1+1 = g(zy) + Dwy, satisfies

lim sup |P*(x, A) —7(A)| =0
k—o0 AeB(X)

where m(-) is the invariant probability measure associated with the
terminal linear dynamics and P*(x, A) :== P{x), € A: z9 = x}, and

k~>ook_

1 k
lim ~ S hay) L B (o)}

holds for any h : X — R such that E.{|h(z)|} < oo
where E-{h(z)} = [ m(dz)h(z)



Convergence for ISS systems: main result

o0
This implies convergence to the minimal invariant set X, = @AkDW
k=0

Corollary

The system x1+1 = g(z1) + Dwy, satisfies

lim P{x; € Xoo} = 1.
k—o0



Convergence for Stochastic MPC

Interpretation

— the system converges to the minimal Robust Positively Invariant
(mRPI) set

— average performance converges to that of the terminal linear mode

These results can be applied to many Stochastic MPC algorithms
We consider two formulations:

1. Affine in the disturbance SMPC
P. Goulart and E. Kerrigan, Input-to-state stability of robust receding
horizon control with an expected value cost, Automatica, 2008

2. Striped affine in the disturbance SMPC
B. Kouvaritakis, M. Cannon, and D. Muioz-Carpintero, Efficient
prediction strategies for disturbance compensation in stochastic MPC,
International Journal of Systems Science, 2013



Convergence for Stochastic MPC

Both strategies consider the system
Tp1 = Az + Bug + Dwy,
and assume that

* X} is measured at time k
(A, B) is stabilizable
the disturbance sequence {wy € Whien is i.i.d. with E{w;} =0

%

*

*

the probability distribution of wy, is finitely supported in a bounded
set W containing the origin in its interior

Here we additionally assume
* P{Jlw|| <A} >0 forall A>0



Example 1: Affine in the disturbance Stochastic MPC

o> State and control constraints:
(xk,uk) €Z Vk
Z C R" x R™ is a convex compact set with 0 € int(Z)

> The predicted control sequence at time k is parameterized as
i—1
Uik = Vi + ZMi,jijm 1€ Ny
Jj=0
where v;);, and M, ; are optimization variables at time %, and

i = Ky, 12 N



Example 1: Affine in the disturbance Stochastic MPC

> MPC cost function:
N-1
J = E{x%lkPka + Z (xileQz“k + uiT‘kRu“k)},
i=0

with Q@ =0, R>=0, P> 0 and (A,QI/Q) assumed detectable,
where P and K satisfy the algebraic Riccati equation

P=Q+A"PA-K"(R+B"PB)K
K=—-(R+B'PB)"'BTPA

> A terminal constraint is included in the optimal control problem:
TN|k € Xf,

where X is a robust positively invariant set under u = Kx



Example 1: Affine in the disturbance Stochastic MPC

Optimal control problem solved at each instant k:
min J
ug,Xk,0k
subject to Tit1|k = Al’”k + B’Uﬂk + Dwz|k
i—1
Wil = Vapr, + Y Mi gy

5=0
(Ti|k> wilk) € Z
Tolk = Tk, TNk € Xy
Vw“k eW, Vi e Ny

where 0, = ({vijx bieny_1s {Mij}jeny 1ie{1,.. .N—1})

19



Example 1: Affine in the disturbance Stochastic MPC

o Goulart & Kerrigan (2008) prove that the origin is ISS, but no
further results on convergence to the terminal mode

o Wang et al. (2008) prove convergence to the mRPI set by redefining
the cost and control policy

(A+ BK, D) is controllable

Under the assumptions that { P{Jw| < A} > 0 for all A > 0

} we have:

Theorem
For any feasible initial state, xy € X, the closed loop system satisfies
lim P{ap € X0} =1
k—o0
and
1
lim —
rsoo k

where &g4+1 = (A 4= BK)&C + Dwy, with & = xg

k
> (@] Qz; +uf Ruy) "= lim E{¢](Q+ KTRK)& )
j=1



Example 2: Striped affine in the disturbance SMPC

> States and controls are subject to probabilistic constraints
P{f arpr 49 up <1} > p,
where g € R"=, f € R™, p € (0,1].

> Predicted control inputs have the structure:

i—1
Uik = K$i|k + Cik + Z iji_j|k, 1€ Ny_1
Jj=1
N-1
;| = Ky, + Z Ljyw;—jjg, 12N
=1

where c;|, are optimization variables and A + BK is Schur stable

L; are computed offline by minimizing constraint tightening
parameters bounding the effects of disturbances on constraints



Example 2: Striped affine in the disturbance SMPC

> MPC cost function:

J = E{Z(x;ll—kal\k + uzl—kRuﬂk — LSS)}
i=0
where @, R > 0, K satisfies the algebraic Riccati equation

P=Q+A"PA-K"(R+B'PB)K
K=—-(R+B'"PB)"'BTPA
and

Les = lim E{z{, Q). + u;), Rug.}
1— 00



Example 2: Striped affine in the disturbance SMPC

Optimal control problem solved at each instant k:
min J
Ug,Xg,Ck
subject to T 1x = Axjjk + By, + Dwy

i—1

Uik = Cilk T .KLIZWc ol Ziji_ﬂk
j=1

P{f T @i+ 9 up <1} > p

Lok = Tk

Vw“k eWw, Vi e NN+N2—1

with N is chosen large enough to ensure constraint satisfaction over an
infinite prediction horizon



Example 2: Striped affine in the disturbance SMPC

> The optimal value function satisfies (Kouvaritakis et al, 2013):
E{VkJrl} - Vk < _(xl—chxk + u;chuk) + Lss
where Ly, = lys + E{w LT P.Lw},
les = lim B{¢[(Q + KT RK)E}
— 00
with 11 = (A + BK)&, + Dwy and &y = .

> This implies

k

.1

khﬁrgo Z ZE{CE;Q;EJ + u;-rRuj} < Lgs.
i=1

However, the state converges to the mRPI set X, and

k
. 1
lim Z Z(q:jTij + UjTRUj) = s
=1

k—o0

which is the asymptotic performance under u, = Kxy.



Example 2: Striped affine in the disturbance SMPC

(A+ BK, D) is controllable

Under the assumptions that { P{[lw]| < A} > 0 for all A > 0

} we have:

Theorem
For any feasible initial state, x¢o € X, the closed loop system satisfies

lim P{z € X} =1
k— o0
and

s 1 a.s. .
lim EZ((E;—QLC] +u;rRuj) = klggo]E{El;r(Q—’_KTRK)fk}

where {1 = (A + BK)&, + Dwy, with &g = xo.



Concluding Remarks

> Generalized analysis of Stochastic MPC convergence:

* Markov chain convergence results determine asymptotic behaviour of
control laws that result in linear dynamics on an RPI terminal set

* Average closed loop performance converges to that of the linear
dynamics on the terminal set

* These results are obtained using an ISS property, but the limit
directly implied by the ISS Lyapunov inequality yields a worse bound

D> The paper illustrates the convergence analysis by applying it to two
Stochastic MPC strategies

> Future work: remove condition on controllability of (A, D)



