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What are we trying to do?
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Real applications (aerospace, automotive, biomedical, process control…) involve
• nonlinear dynamics
• unknown disturbance inputs and uncertain model parameters

• constraints on states and control inputs

… and typically need

• reliable, scalable, convex problem formulations
• robust control strategies allowing online parameter learning

… and control algorithms that are easy to understand and implement!
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This paper builds on concepts from:

    à Uses ellipsoidal tubes to robustly bound predicted trajectories

    à Combines robust predictive control with set-membership estimation
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• System model:

xt+1 = f(xt, ut; ω) + wt, xt → X , ut → U , wt → W, t = 0, 1, . . .

– polytopic state and control constraint sets X , U , and disturbance set W

– unknown parameters (ω1, . . . , ωn) = ω → !0 appear linearly:

f(xt, ut, ω) = f0(xt, ut) +
nω∑

i=1

ωifi(xt, ut)

• Control problem:

minimize
→∑

t=0

max
w↑W

↑xt↑2Q + ↑ut↑2R subject to u → U , x → X

learn !t ↓ !t↓1 ↓ · · · ↓ !0
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• Initial x0 = {x0
0, . . . , x

0
N}, v0 = {v00 , . . . , v0N→1} and ω0 → ! satisfy

x0
k+1 = fK(x0

k, v
0
k; ω

0), k = 0, . . . , N ↑ 1

where uk = Kxk + vk, fK(x, v; ·) = f(x,Kx+ v; ·)

• Perturbations: xk = x0
k + sk, uk = Kxk + v0k + vk,

x0
k+1 + sk+1 = fK(x0

k, v
0
k; ω

0) + ε0k + ”ksk +Bkvk + ε1k + wk

Linearisation error bounds
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• ω0k = fK(x0
k, v

0
k, ε)→ fK(x0

k, v
0
k, ε

0) = fK(x0
k, v

0
k, ε → ε0)

↑ W0(x0
k, v

0
k, ε

0,!) = co{ω0,(q)k , q ↑ Nωω}

• ω0,(q)k determined by the vertices of !

Linearisation error bounds
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• Impose constraints sk → S, vk → V

• ω1k = fK(x0
k + sk, v

0
k + vk, ε)↑ fK(x0

k, v
0
k, ε)↑ !ksk ↑Bkvk

→ W1(x0
k, v

0
k, ε

0, S,V,”) = co{C(j)
k sk +D(j)

k vk, j → Nω1}

• C(j)
k , D(j)

k determined by bounds on ↓xfK ,↓vfK over s → S, v → V, ε → ”
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State decomposition: sk = zk + ek

nominal dynamics: zk+1 = !kzk +Bkvk

error dynamics: ek+1 = !kek + wk + ω0k + ω1k → E(V,ε2
k)

Ellipsoidal bounds: E(V,ε2
k) = {e : e→V e ↑ ε2

k}

Ellipsoidal tubes
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A su!cient condition (triangle inequality):
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2
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2 + ↑C(j)
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k vk + ϖ0 (q)

k ↑V
for all j ↓ Nω1 , q ↓ Nωω , with εk defined by

εk = max
j→Nε1 , r→Nεr

↑(!k + C(j)
k )V ↑ 1

2 ↑2!(r)

where ”(r) = (V ↑1 ↔ w(r)w(r)↓ϑ↑2)↑1 and ϑ is a constant
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MPC optimisation (SOCP) at iteration i, time t:

(vω,ωω, zω) = arg min
v,ω,z,l

J(i)
t =

N∑

k=0

l2k

subject to, for k = 0, ..., N → 1 and all j ↑ Nε1 , q ↑ Nεω ,

zk+1 = !kzk +Bkvk

ωk+1 ↓ (εkω
2
k + ϑ2)

1
2 + ↔C(j)

k zk +D(j)
k vk + ϖ0 (q)

k ↔V

lk ↓
(
↔x0

k + zk↔2Q + ↔K(x0
k + zk) + v0k + vk↔2R

) 1
2 + ωk↔V → 1

2 ↔Q+K→RK

U ↗ K
(
x0
k + zk + E(V,ω2

k)
)
+ v0k + vk, X ↗ x0

k + zk + E(V,ω2
k)

V ↘ v0k + vk, S ↗ zk + E(V,ω2
k)

and initial and terminal conditions

ω0 ↓ ↔x0
0 + z0 → xp

t ↔V , ”(x0
N ) ↘ (↔zN↔V ,ωN ), lN ↓ l̂(zN ,ωN , x0

N )

and, for iteration i = 1,

J(i)
t ≃ J(final)

t→1 →
(
↔xt→1↔2Q + ↔ut→1↔2R → ϑ̂2)

and, for iterations i > 1,

J(i)
t ≃ J(i→1)

t

<latexit sha1_base64="VOkrhwtY69z/x/43XdevqQ9T0N8="></latexit>

i → 0, xp
t → plant state at time t

MPC algorithm at time t

8

<latexit sha1_base64="JgFyfJ52EzEjLOUCp0n0pHnBYGM="></latexit>

Compute x0 given v0
<latexit sha1_base64="nvwIRkzXVsWqIaZFiB775UR/ryU="></latexit>

!k, Bk → linearise at x0,v0, ω0
<latexit sha1_base64="A/gqsB7YBMCA466qyKWsrfz8v44="></latexit>

Compute ωk & bounds W0
k ,W1

k
<latexit sha1_base64="RVtBcIN68VMD7Y7GzsXnqrmj5mI="></latexit>

Solve SOCP for v→
, J (i)
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<latexit sha1_base64="GchEsKtPuB+kYUgQ5sdEe+2rxwk="></latexit>

Apply control input ut = Kxp
t + v00

<latexit sha1_base64="VojQkdvl4FWjV6SIJvRRxsYdl3c="></latexit>

If →v→→ < tol or i ↑ maxIter:
<latexit sha1_base64="BEjeqlVtffOQCl8oqVx3Dbe3QcQ="></latexit>

v0
old → shiftu(v

0)

<latexit sha1_base64="BQBAS/qFrciZxvJ6oe2CZIak/hQ="></latexit>

v0 → shiftu(v
0 + v→)

<latexit sha1_base64="p3PvaDkPPOBlWd3MXjkzXEgiM+k="></latexit>

x0
old → shiftx(x

0)}

<latexit sha1_base64="mlCd0mGACSYsIv93rw5rgzmdc5c="></latexit>

shiftu(v) ↭ {v1, . . . , vN→1, 0}
<latexit sha1_base64="4QqFJ/DhY1NhWLuqRHFhTxeFFBk="></latexit>

shiftx(x) ↭ {x1, . . . , xN , fK(xN , 0; ω0)}



<latexit sha1_base64="VOkrhwtY69z/x/43XdevqQ9T0N8="></latexit>

i → 0, xp
t → plant state at time t

MPC algorithm at time t

8

<latexit sha1_base64="JgFyfJ52EzEjLOUCp0n0pHnBYGM="></latexit>

Compute x0 given v0
<latexit sha1_base64="nvwIRkzXVsWqIaZFiB775UR/ryU="></latexit>

!k, Bk → linearise at x0,v0, ω0
<latexit sha1_base64="A/gqsB7YBMCA466qyKWsrfz8v44="></latexit>

Compute ωk & bounds W0
k ,W1

k
<latexit sha1_base64="RVtBcIN68VMD7Y7GzsXnqrmj5mI="></latexit>

Solve SOCP for v→
, J (i)

<latexit sha1_base64="ipVfyFmsd/7Vfsk32D9FIfMXmlI="></latexit>

i → i+ 1, ω → ω/2

<latexit sha1_base64="vkpIDQm/t6h0Ab9wyJK/D1hEFhU="></latexit>

x0
0 → x0

0,old + ω(x0
0 ↑ x0

0,old)

<latexit sha1_base64="Jg6FSjGtLlOJOGki2fZIQYo5XeQ="></latexit>

v0 → v0
old + ω(v0 ↑ v0

old)

<latexit sha1_base64="T49QCDjb2p3LiZCJjCw9DLgw9eU="></latexit>

Update linearisation trajectory:

<latexit sha1_base64="xVLeB8yp/mVkJpN4ty0Qs4pePJw="></latexit>

Else if MPC opt is infeasible:

<latexit sha1_base64="GchEsKtPuB+kYUgQ5sdEe+2rxwk="></latexit>

Apply control input ut = Kxp
t + v00

<latexit sha1_base64="VojQkdvl4FWjV6SIJvRRxsYdl3c="></latexit>

If →v→→ < tol or i ↑ maxIter:
<latexit sha1_base64="BEjeqlVtffOQCl8oqVx3Dbe3QcQ="></latexit>

v0
old → shiftu(v

0)

<latexit sha1_base64="BQBAS/qFrciZxvJ6oe2CZIak/hQ="></latexit>

v0 → shiftu(v
0 + v→)

<latexit sha1_base64="p3PvaDkPPOBlWd3MXjkzXEgiM+k="></latexit>

x0
old → shiftx(x

0)}

<latexit sha1_base64="mlCd0mGACSYsIv93rw5rgzmdc5c="></latexit>

shiftu(v) ↭ {v1, . . . , vN→1, 0}
<latexit sha1_base64="4QqFJ/DhY1NhWLuqRHFhTxeFFBk="></latexit>

shiftx(x) ↭ {x1, . . . , xN , fK(xN , 0; ω0)}



<latexit sha1_base64="VOkrhwtY69z/x/43XdevqQ9T0N8="></latexit>

i → 0, xp
t → plant state at time t

MPC algorithm at time t

8

<latexit sha1_base64="JgFyfJ52EzEjLOUCp0n0pHnBYGM="></latexit>

Compute x0 given v0
<latexit sha1_base64="nvwIRkzXVsWqIaZFiB775UR/ryU="></latexit>

!k, Bk → linearise at x0,v0, ω0
<latexit sha1_base64="A/gqsB7YBMCA466qyKWsrfz8v44="></latexit>

Compute ωk & bounds W0
k ,W1

k
<latexit sha1_base64="RVtBcIN68VMD7Y7GzsXnqrmj5mI="></latexit>

Solve SOCP for v→
, J (i)

<latexit sha1_base64="ipVfyFmsd/7Vfsk32D9FIfMXmlI="></latexit>

i → i+ 1, ω → ω/2

<latexit sha1_base64="vkpIDQm/t6h0Ab9wyJK/D1hEFhU="></latexit>

x0
0 → x0

0,old + ω(x0
0 ↑ x0

0,old)

<latexit sha1_base64="Jg6FSjGtLlOJOGki2fZIQYo5XeQ="></latexit>

v0 → v0
old + ω(v0 ↑ v0

old)

<latexit sha1_base64="T49QCDjb2p3LiZCJjCw9DLgw9eU="></latexit>

Update linearisation trajectory:

<latexit sha1_base64="xVLeB8yp/mVkJpN4ty0Qs4pePJw="></latexit>

Else if MPC opt is infeasible:
<latexit sha1_base64="T49QCDjb2p3LiZCJjCw9DLgw9eU="></latexit>

Update linearisation trajectory:

<latexit sha1_base64="Ul5rxyT40CzkAPtQsL0xnFMpBrg="></latexit>

Else:

<latexit sha1_base64="XDFIDUH613yr+eUO/9DU6L4eM0E="></latexit>

i → i+ 1

<latexit sha1_base64="9JU+ErW4++RGFQNHoaWrex454UA="></latexit>

v0 → v0 + vω

<latexit sha1_base64="KwpJBdmgBs0Npf0yDe9h1u7J1YU="></latexit>

v0
old → v0

<latexit sha1_base64="GchEsKtPuB+kYUgQ5sdEe+2rxwk="></latexit>

Apply control input ut = Kxp
t + v00

<latexit sha1_base64="VojQkdvl4FWjV6SIJvRRxsYdl3c="></latexit>

If →v→→ < tol or i ↑ maxIter:
<latexit sha1_base64="BEjeqlVtffOQCl8oqVx3Dbe3QcQ="></latexit>

v0
old → shiftu(v

0)

<latexit sha1_base64="BQBAS/qFrciZxvJ6oe2CZIak/hQ="></latexit>

v0 → shiftu(v
0 + v→)

<latexit sha1_base64="p3PvaDkPPOBlWd3MXjkzXEgiM+k="></latexit>

x0
old → shiftx(x

0)}

<latexit sha1_base64="mlCd0mGACSYsIv93rw5rgzmdc5c="></latexit>

shiftu(v) ↭ {v1, . . . , vN→1, 0}
<latexit sha1_base64="4QqFJ/DhY1NhWLuqRHFhTxeFFBk="></latexit>

shiftx(x) ↭ {x1, . . . , xN , fK(xN , 0; ω0)}



<latexit sha1_base64="JXJHqdwAU2yiECxisk0e+58VfQA="></latexit>

O!ine: find V,K satisfying, for all x → X̂ ↑ X such that Kx → Û ↑ U and for all ω → !0,

↓x↓2V ↔ ↓f(x,Kx, ω) + w↓2V ↗ ↓x↓2Q + ↓Kx↓2R ↔ ε2

e.g. via SDP with LDI model f(xk, uk, ω) → co{Â(j)xk + B̂(j)uk, j → Nω̂}

Terminal conditions

9

<latexit sha1_base64="N3IExHZPlrI5D+4S5JLjO7iw4cA="></latexit>

• then E(V, ω̂2) is robust invariant for ω̂ = max{→x→V : x ↑ X̂ & Kx ↑ U}}

<latexit sha1_base64="HzBzauoCu5UD769utLFEvAegyh8="></latexit>

E(V, ω̂2)

<latexit sha1_base64="UG9t5/pJMYn595gWN+vKLDxjBYA="></latexit>

X̂
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• then E(V, ω̂2) is robust invariant for ω̂ = max{→x→V : x ↑ X̂ & Kx ↑ U}}

<latexit sha1_base64="HzBzauoCu5UD769utLFEvAegyh8="></latexit>

E(V, ω̂2)

<latexit sha1_base64="UG9t5/pJMYn595gWN+vKLDxjBYA="></latexit>

X̂

<latexit sha1_base64="g8k0HfSOTMvn37Glm1XzkQ2vtuE="></latexit>

• ensure →x0
k + zk→V ↑ ω̂ for all k ↓ N

by defining the terminal set for (→zN→V ,εN ) as

!(x0
N ) =

{
(r,εN ) : εN ↑ ω̂↔ (r + →x0

N→V )
and ↗εk satisfying, for k = N + 1, . . . , N + N̂ ,

εk ↓ (ϑ̂ε2
k→1 + ϖ2)

1
2 + ϑ̂

(k→N→1)
2 (rd0 + d1),

εk ↑ ω̂↔ ϑ̂
k→N

2 (r + →x0
N→V )

}
<latexit sha1_base64="VfraiHTuW89Y2nty9n5Zdj8FcUM="></latexit>zN

<latexit sha1_base64="HbxuFSsMTIoQYeGV3Hz1UnpgviE="></latexit>zN+N̂



<latexit sha1_base64="j88YUOIkFlINfMvgEAtqJx0fkbA="></latexit>

If the MPC optimisation is feasible at time t = 0, then:

1. MPC optimisation is feasible at all times t → 0 and iterations i → 0
with v0 = v0

old (and x0
0 = x0

0,old if i = 0)

2. Final iteration cost is an ISS Lyapunov function,

J (final)
t+1 ↑ J (final)

t ↓ ↑↔xt↔2Q ↑ ↔ut↔2R + ω̄2

where ω̄ = εω + εϑ̂(d!̂ + d”L)

3. Closed loop trajectories satisfy

lim sup
T→↑

1

T

T↓1∑

t=0

(↔xt↔2Q + ↔ut↔2R) ↓ ω̄2

Feasibility, stability, and convergence

10



Example 1: computation
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<latexit sha1_base64="7wC+GAf6BGnRebzAY6YCt6ay1Ww="></latexit>

• Monte Carlo simulations with quadratic nonlinearities:

f0(x, u) = Ax+Bu, fi(x, u) = êi[x]
2
ji , i → Nnω

W = {Bwŵ : ↑ŵ↑→ ↓ 0.01}

A,B,Bw and ji → {1, . . . ,Nx} randomly generated

• true parameter ω↑ and !0 randomly chosen

!t updated using SME with horizon N! = 5

ω0t defined as the centroid of !t



<latexit sha1_base64="m2a5PfovKeEUeaZO/klUgJOV0Y4="></latexit>

• MPC optimisation via Gurobi and Yalmip (Apple M3 Pro, 36 GB memory)

Dominant factor is # SOC constraints

Empirical fit: time per iter → (nω + 1)4.2 (R2
value 0.97)

• For higher order polynomial nonlinearities time per iter is approximately 50 sec

with
nω: 12 24 28 34 42 56
nx: 12 6 5 4 3 2

Example 1: computation

12
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Example 2: automated driving

13

<latexit sha1_base64="v5A/RxU35PMlocRaXhJUSYnXKpo="></latexit>

d

<latexit sha1_base64="oy3rK1TLCPgRF49EIshFBNJlkaA="></latexit>

ω

<latexit sha1_base64="g8ZR4zX/UDeTv5pgpOpOBQvP0Rk="></latexit>

ωr

<latexit sha1_base64="ZgrFg5+Y05rTiHH9S4UHr1fCBfU="></latexit>

Continuous time model:

v̇ω = u1 + ω1 + w1

ḋ = (vr + vω) sin(ε)

ε̇ = (vr + vω)ϑ

ϑ̇ = u2 + ω2 + w2

state x =





vω

d
ε
ϑ





velocity relative to reference vr

lateral distance from reference
angle of path
curvature of path
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ḋ = (vr + vω) sin(ε)

ε̇ = (vr + vω)ϑ

ϑ̇ = u2 + ω2 + w2

state x =





vω

d
ε
ϑ





velocity relative to reference vr

lateral distance from reference
angle of path
curvature of path

<latexit sha1_base64="ETpFqF1+8txuu1QC+GURlJ6GcEo="></latexit>

(w1, w2): bounded disturbances
<latexit sha1_base64="EndB+B8NlREsviJZrIHkecbbJs4="></latexit>

(ω1, ω2): unknown parameters

<latexit sha1_base64="sNvzswSUQ3uso5J4oBj1iy8cUY8="></latexit>

control input u =

[
u1

u2

]
longitudinal thrust
lateral thrust



<latexit sha1_base64="XzEA+YLoufUYdJCl3KyhIMtppB4="></latexit>

Discrete time sampling interval Ts = 0.1:

f0(xt, ut) =





vωt + Tsut,1

dt + (vrt + vωt ) sin(ωt)Ts

ωt + (vrt + vωt )εtTs

εt + Tsut,2





f1(xt, ut) = Tsê1,

f2(xt, ut) = Tsê4,
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Example 2: automated driving
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<latexit sha1_base64="n44JKKoKjOfEwl91nXNhN2Dh30w="></latexit>

• Control and disturbance sets:

U = {(u1, u2) : |u1| → 5, |u2| → 3}
W = {(w1, w2) : ↑w↑→ → 0.05}

• cost weights: Q = diag{1, 0.2, 2, 1}, R = diag{0.008, 0.004},

prediction horizon: N = 15 time steps

reference velocity vr = 10 ms



Example 2: automated driving
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<latexit sha1_base64="Ua21BFTbqIiXhgswW0WtPE5igcA="></latexit>

• True parameter: ω→ = (0.02, 0.02)

initial parameter set estimate: !0 = {ω : →ω→↑ ↑ 0.04}

!t updated using SME with horizon N! = 5

ω0t = centroid of !t

• terminal set computed using LDI model, valid for →x→↑ ↑ 0.5 and !0

=↓
{ ε = 0.03, ϑ̂ = 0.87, ϖ = 3.96, ϱ̂ = 0.39

N̂ = 13 and ε̂ = 0.206

• state perturbation bounds S = {s : →s→↑ ↑ 0.25}

no control perturbation bounds needed =↓ V = R2
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15

0 0.5 1 1.5

-2

0

2

4

0 0.5 1 1.5

-2

0

2

4

0 0.5 1 1.5

-0.06

-0.04

-0.02

0

0.02

<latexit sha1_base64="PTTT7FRWlkPOPuUQjr8P0MNo2Uw="></latexit>

• Constraints on u1, u2 are
active initially

• Parameter error converges
within 5 time steps

• Disturbances are rejected



Summary

16

We propose a robust nonlinear MPC strategy with online model learning based on 
ellipsoidal tubes and set membership parameter estimation

Convex online optimization; efficient scaling with state, control input, and 
parameter vector dimensions

Guarantees of recursive feasibility, constraint satisfaction, stability (ISS)

Extensions: 
• time-varying ellipsoidal tube shapes and local feedback gains
• convexification via differences of convex functions


