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What are we trying to do?

Real applications (aerospace, automotive, biomedical, process control...) involve
* nonlinear dynamics
* unknown disturbance inputs and uncertain model parameters

e constraints on states and control inputs
. and typically need
 reliable, scalable, convex problem formulations

* robust control strategies allowing online parameter learning

. and control algorithms that are easy to understand and implement!




What are we trying to do?

This paper builds on concepts from:

IEEE TRANSACTIONS ON AUTOMATIC CONTROL, VOL. 56, NO. 8, AUGUST 2011

@ Robust tubes in nonlinear model predictive control Rubust; Teibes i Nonlinear Model Predictive; Control
. . . Mark Cannon, Johannes Buerger, Basil Kouvaritakis, and
M. Cannon, J. Buerger, B. Kouvaritakis, and S. V. Rakovic Sata Rakovi¢

IEEE Trans. Automatic Control, Vol. 56, no. 8, pp. 1942-1947, 2011

Abstract—Nonlinear model predictive control (NMPC) strategies based

= Uses ellipsoidal tubes to robustly bound predicted trajectories

@ Robust MPC with recursive modelupdate @~ 4 Automatc
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= Combines robust predictive control with set-membership estimation




What are we trying to do?

e System model:
T+l = f(ZCt,Ut;H) + W, Tt € X, U+ EZ/{, Wy € W, t = 071,...
— polytopic state and control constraint sets X', U/, and disturbance set VW

— unknown parameters (01,...,0,) = 0 € ©y appear linearly:

ng
f(mtautag) — fO(mtaut) + Zeifi(wtaut)
i=1
e Control problem:
. . . 2 2 .
mize a subjecttouel, xe X
minimiz Zvrvne% |z¢|[o + ||| subj X

t=0
learn @t C @t—l c ... C @0




L inearisation error bounds

e Initial x* = {z0,..., 2%}, v¥ = {vg,...,v%_,} and 0° € O satisfy
$2_|_1 :fK(x27v2;90)7 k:O,,N—l

where up = Kxg + vg, fr(x,v;-) = f(x, Kx + v; )




L inearisation error bounds

e Initial x* = {z0,..., 2%}, v¥ = {vg,...,v%_,} and 0° € O satisfy
$2_|_1 :fK(x27v2;90)7 k:O,,N—l
where up = Kz + v, fx(x,v;:) = f(o, Kz + v; )

e Perturbations: zy =z} + s, ur = Kz + v} + vg,




L inearisation error bounds

e Initial x* = {z0,..., 2%}, v¥ = {vg,...,v%_,} and 0° € O satisfy
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:132+1 + sp1 = fr(xl, v 0%) + 6] + ®psi + Bru, + 65 + wy




L inearisation error bounds

e Initial x* = {z0,..., 2%}, v¥ = {vg,...,v%_,} and 0° € O satisfy
x%—kl :fK(x27v2;90)7 k:O,,N—l
where up = Kz + v, fx(x,v;:) = f(o, Kz + v; )

e Perturbations: xp = x} + s, ur = Kxg + v} + v,

:132+1 + spy1 = fre(zh,v0:0°) + 6 + Prsp + Brog + 5% + wy,




L inearisation error bounds

Thi1 + Sk1 = fre(2R,v0;0°) + 6, + Prsk + Brvg + 6 + wy




L inearisation error bounds

0 0 ,0.70
Thg1 + Sk1 = fr(2p, v 07) +

0

0
k

+ Ppsi. + Brup + (5% + Wk

® 52 — fK(ZEg,Ug,Q) - fK(xgavgveo) — fK(Zlig,ng,e - ‘90)

e WO(a,12,6°,0) = co{60?, g €N, }

. 52,((;) determined by the vertices of ©




L inearisation error bounds

Thi1 + Skr1 = fre(2R,v0;0°) + 6, + Prsk + Brvg + 05|+ wy

e Impose constraints s, € S, v € V
o O = fx(x} + sk, vp + vk, 0) — fr(ah,vp,0) — Prsp — Bruy

S Wl(xg,vg,HO,S,V, @) — CO{Cl(cj)Sk + Dl(cj)vlﬁ ] = NVl}

° Clgj),Dl(Cﬁ determined by bounds on V, fx,V,fx overse S, v eV, €0




Ellipsoidal tubes

State decomposition:

nominal dynamics:

error dynamics:

Ellipsoidal bounds:

S = 2L + €k
Zk+1 = Przx + Brug

exr1 = Prey +wy + 5y + 6 € E(V, B7)

E(V,B) ={e:e' Ve < B¢}




Ellipsoidal tubes

Recursive tube membership condition:

EWV,Bii1) 2 Pre+w+8"+ 5", Ywe W, e W), d'e W,, e€ E(V,5;)




Ellipsoidal tubes

Recursive tube membership condition:

EWV,Bii1) 2 Pre+w+8"+ 5", Ywe W, e W), d'e W,, e€ E(V,5;)

A sufficient condition (triangle inequality):

B > 10 2+ DY v+ 00 Py + (1@ + O e+ 0y
Ve € E(V, 57)




Ellipsoidal tubes

Recursive tube membership condition:

EWV,Bii1) 2 Pre+w+8"+ 5", Ywe W, e W), d'e W,, e€ E(V,5;)

This holds if

B > Ot +0°)% + 100 2 + DY+ 3Vl
for all 7 € N, ¢ € Ny, with A\ defined by

. — i) C(J) V—% 2 i}
k jeNgl,%?éNWH( k+C7) 1S

where U(") = (V=1 — (M) T5=2)=1 and ¢ is a constant




Ellipsoidal tubes

Recursive tube membership condition:

EWV,Bii1) 2 Pre+w+8"+ 5", Ywe W, e W), d'e W,, e€ E(V,5;)

This holds if

B > Ot +0°)% + 100 2 + DY+ 3Vl
for all 7 € N, ¢ € Ny, with A\ defined by

. — i) C(J) V—% 2 i}
k jeNgl,%?éNWH( k+C7) 1S

where U(") = (V=1 — (M) T5=2)=1 and ¢ is a constant

— convex (2nd order cone) condition on the variables S, Bki1, 2k, Uk




MPC algorithm at time t

i < 0, x¥ < plant state at time ¢

v

Compute x° given v°

®., By, + linearise at x°,v?,9°
Compute \; & bounds WP W/
Solve SOCP for v*, J()




MPC algorithm at time t

MPC optimisation (SOCP) at iteration 4, time t:

i < 0, x¥ < plant state at time ¢

N
(v*,08%,2") = argvr%iBIJt(i) — E l;
) ) ) k:O

v

Compute x° given v° subject to, for k =0,...,N —1landall j €N, , g€ N,,,

., By, + linearise at x°%,v?,9°
Compute \; & bounds WP W/
Solve SOCP for v*, J

Zk+1 = Pz + Brvug
1 ; .
Bretr > OB +0°)2 + |C 21 + DY wr, + 6, 9|y

1 _1
lk = (||~”U12 + Zk||2Q + ||K(332 + 2) + vp + Uk:”%%) 2+ BellV 2 |lgixTRK

E=

UD K(zp+ 21 +EV,B2) + vk +ok, X Dap+ 2z +EV,BE)
Vouvp+ok, SDz+EWV,BR)
and initial and terminal conditions
Bo > |lwo + 20 — atllv, Qzx) 3 (lewllv,Bn), In >li(en, By, Tx)
and, for iteration ¢ = 1,
I < T = (=il + lluer ||k — 6%)

and, for iterations 7 > 1,

Jt(z’) < Jt(z'—l)




MPC algorithm at time t

i < 0, x¥ < plant state at time ¢

v

Compute x° given v°

., By, + linearise at x°%,v?,9°
Compute \; & bounds WP W/
Solve SOCP for v*, J()

v

If ||v*|| < tol or i > maxIter:

vOy < shift, (v°)
Xowa ¢ shift,(x°)}
vV < shift, (v0 + v*)

Apply control input u; = Kzt + v

shift, (v) = {v1,...,vn_1,0}
= {CL’l,...,CCN,fK(-TN,O;e())}




MPC algorithm at time t

i < 0, x¥ < plant state at time ¢

v

Compute x° given v°

., By, + linearise at x°%,v?,9° <

Compute \; & bounds WP W/
Solve SOCP for v*, J(®

v

If ||v*|| < tol or i > maxIter:

vOy < shift, (v°)

Xowa ¢ shift,(x°)}

vV < shift, (v0 + v*)

Apply control input u; = Kzt + v

—

Else if MPC opt is infeasible:

Update linearisation trajectory:

i—i+1, a+— a/2

0 0 0 _ 0
VY = vog ta(v = viy)

0 0 0_ .0
Tp ¢ Tg o1q T (Tg — Tg o1q)

shift, (v) = {v1,...,vn_1,0}
ey

{CEl,...,fCN,fK(mNao;e())}




MPC algorithm at time t

i < 0, x¥ < plant state at time ¢

v

Compute x° given v°

., By, + linearise at x°%,v?,9° <
Compute \; & bounds WP W/
Solve SOCP for v*, J()

v

If ||v*|| < tol or i > maxIter: Else if MPC opt is infeasible: Else:

Vgld < shift,, (v°) Update linearisation trajectory: Update linearisation trajectory:
X0« shift, (x°)} > z(()—z—l—ol, a<—a0/2 0 > 7,0%7,+10

vV < shift, (v0 + v*) Ve Vg (v = vgy) Vold <V

Apply control input u; = K2t + v 2 TQ o1 + (29 — 7 514) vV vV 4 v

shift, (v) = {v1,...,vn_1,0}
= {CL’l,...,CCN,fK(mN,O;e())}




Terminal conditions

Offline: find V, K satisfying, for all x € X C X such that Kz €U C U and for all 6 O,
lzll¥ = If (2, Kxz,0) + w5, > 2|5 + | Kz|% — o

e.g. via SDP with LDI model f(zj,ur,0) € co{ Az, + BDuyy, j € Ny}

o then £(V, 5?) is robust invariant for p = max{||z|y :z € X & Kz € U}}




Terminal conditions

Offline: find V, K satisfying, for all x € X C X such that Kz €U C U and for all 6 O,
|z]lf — I f (2, Kz,0) + w|li > |25 + | Kz|% —
e.g. via SDP with LDI model f(zy,us,6) € co{ AWz, + BWuyy, j € Ny}

o then £(V, 5?) is robust invariant for p = max{||z|y :z € X & Kz € U}}

e ensure ||z) + 2x|ly < pforall k> N
by defining the terminal set for (||zx||v, Bn) as
Q) = {(rBn) : By < p—(r+ llzylv)

and 38, satisfying, for k = - N + 1,...,N+ N,
Bk ()‘Bk 1‘|‘0'>2—|—)\ (Tdo‘l—dl)

Be<p—A7 (r+ HCENHv)}




Feasibility, stability, and convergence

If the MPC optimisation is feasible at time ¢ = 0, then:

1. MPC optimisation is feasible at all times ¢ > 0 and iterations z > 0
with v? = v0, (and 2 = zp 4 if i = 0)

2. Final iteration cost is an ISS Lyapunov function,

J(ﬁnal) o Jt(ﬁnal) <

£ 1 —lzell — luell® + 67

where ¢ = yo + vp(ds + de L)

3. Closed loop trajectories satisfy

1 T-—1

lim sup — A Y| < °
msup 7 3 (ol + el

10




Example 1: computation

e Monte Carlo simulations with quadratic nonlinearities:
fo(x,u) = Az + Bu, fi(x,u)= é@-[a:]?z_, i € Ny,
W = {B,w : || 0] < 0.01}
A, B, B, and j; € {1,...,N;} randomly generated

e true parameter 8* and ©( randomly chosen
©; updated using SME with horizon Ng = 5

0 defined as the centroid of O

11




Example 1: computation

(Ng, M, Ng) (2,1,2) (4,2,2) (4,2,4) (6,2,4) (5,2,5) (6,2,6) (8,2,8) (8,4,8) (10,4,10) (12,4,12)
Variables 48 60 60 62 61 62 64 84 86 88
Equalities 22 44 44 66 55 66 88 88 110 132
Inequalities 57 97 97 117 107 117 137 177 197 217
SOC constraints 294 474 1274 1774 2184 3454 7314 7314 13334 21994
Execution time (s) 0.037 0.119 0.461 0.562 0.802 1.50 4.32 4.23 13.17 50.18

e MPC optimisation via Gurobi and Yalmip (Apple M3 Pro, 36 GB memory)

Dominant factor is # SOC constraints

Empirical fit: time per iter ~ (ng + 1)*? (R? value 0.97)

12




Example 1: computation

(Ng, M, Ng) (2,1,2) (4,2,2) (4,2,4) (6,2,4) (5,2,5) (6,2,6) (8,2,8) (8,4,8) (10,4,10) (12,4,12)
Variables 48 60 60 62 61 62 64 84 86 88
Equalities 22 44 44 66 55 66 88 88 110 132
Inequalities 57 97 97 117 107 117 137 177 197 217
SOC constraints 294 474 1274 1774 2184 3454 7314 7314 13334 21994
Execution time (s) 0.037 0.119 0.461 0.562 0.802 1.50 4.32 4.23 13.17 50.18

e MPC optimisation via Gurobi and Yalmip (Apple M3 Pro, 36 GB memory)

Dominant factor is # SOC constraints

Empirical fit: time per iter ~ (ng + 1)*? (R? value 0.97)

e For higher order polynomial nonlinearities time per iter is approximately 50 sec

ng: 12 24 28 34 42 56

wth . 19 6 5 4 3 2

12
U



Example 2: automated driving

Ko (Sr)

Dr

Continuous time model:

@5

state

= u; + 01 + wy

€T =

5

"

S O X

d = (v" + v°)sin(¢)
b= (v" +0v°)k

K = ug + 02 + wo

velocity relative to reference v”
lateral distance from reference
angle of path

curvature of path

13



Example 2: automated driving

Continuous time model:

2.)5IU1—|—91—|—U}1

d = (v" + v°)sin(¢)
b= (v" +0v°)k

K = ug + 02 + wo

19| velocity relative to reference v”
state 1 — d | lateral distance from reference
Kr(Sr) ¢ | angle of path
|k | curvature of path

(w1, ws): bounded disturbances

. u1 | longitudinal thrust
control input wu =
(01,602): unknown parameters

uo | lateral thrust

13




Example 2: automated driving

Discrete time sampling interval T = 0.1:

U —
v + Ty 1

dy + (vf + vy) sin(¢)Ts
dr + (vf + 7))k T
ke + Tsug 2

fo(ﬂftaut) —

fl (xta ’U/t) — T8é17

f2($t, ut) — Tsé47

Or

Ko (Sr)

(w1, ws): bounded disturbances

u1 | longitudinal thrust
(01,602): unknown parameters

control input u =
P [Ug lateral thrust

13




Example 2: automated driving

e Control and disturbance sets:

U = {(u1,u2)  |us| <5, |us| < 3}
W = {(w1,ws) : ||w]|e < 0.05}
e cost weights: () = diag{1,0.2,2,1}, R = diag{0.008,0.004},
prediction horizon: N = 15 time steps

reference velocity v = 10 ms

14




Example 2: automated driving

e True parameter: 6* = (0.02, 0.02)
initial parameter set estimate: ©g = {0 : ||0||c < 0.04}
©; updated using SME with horizon Ng = 5

0Y = centroid of ©;

e terminal set computed using LDI model, valid for ||z| o < 0.5 and O

{ o =0.03, A =0.87, v = 3.96, p = 0.39

A

N =13 and ¢ = 0.206

e state perturbation bounds § = {s: ||s]|cc < 0.25}

no control perturbation bounds needed — V = R?

14



Example 2: automated driving

error ||0 — 0%«

state x

control u

o
o
(¥}

o

-0.02

-0.04

-0.06

time (seconds)

T T
’U(S
—_—d |
— K H
| |
0.5 1 1.5
1 I I
—_—Uy 7
U9 |
—1___

—— 3 |
| | |
0.5 1 1.5
T T
| |
0.5 1 1.5

e Constraints on ui,usy are
active initially

e Parameter error converges
within 5 time steps

e Disturbances are rejected

15



Summary

We propose a robust nonlinear MPC strategy with online model learning based on
ellipsoidal tubes and set membership parameter estimation

Convex online optimization; efficient scaling with state, control input, and
parameter vector dimensions

Guarantees of recursive feasibility, constraint satisfaction, stability (ISS)

Extensions:

* time-varying ellipsoidal tube shapes and local feedback gains
e convexification via differences of convex functions

16




