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1. (a) State the Hartman-Grobman theorem and explain what it means.
[4 marks]

(b) Consider a dynamical system of the form
X+sinx=0

(1) Transform this system into a system of first order equations.

(i) Show that this system is a Hamiltonian system by giving an expression for the
Hamiltonian function.

(ii1)) Characterise the linear stability properties of all equilibria of this system and sketch
the phase portrait. Using the Hartman-Grobman theorem, what can you conclude
for the stability properties of the equilibria for the nonlinear system?

(iv) Use Lyapunov’s theorem to show that the equilibrium point (0, 0) is stable. Hint:
Consider the Hamiltonian function as candidate for a Lyapunov function.

[8 marks]

(c) Consider the modified dynamical system of the form
X+ sinx = &x.

with &£ < 0. Use LaSalle’s invariance principle to show that the equilibrium (0, 0) of this
system is asymptotically stable.

[4 marks]
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2. (a) State the conditions that have to be satisfied for a system undergoing a Hopf bifurcation
at u = po. Describe what happens for a supercritical and a subcritical Hopf bifurcation
at values ranging from u < uo to u > uo and sketch the phase portraits for u < yy and

H > Ho-
[5 marks]

(b) Consider a dynamical system of the form
Y= x(—-x-x)-x
Xy = xz(,u—x% —x§)+x1.

Characterise the linear stability properties of the equilibrium (0, 0) as a function of u.
[4 marks]

(c) (1) Show that a two-dimensional nonlinear system with states x; and x, can be written
in polar coordinates using

) X1X1 + XX

r o —
r

. X])'CQ - xel

0 = —
r

(i) Transform the system in (b) into polar coordinates (r, 6).

(i11)) Consider the system in polar coordinates for 4 > 0. Show that this system has a
limit cycle, find it and determine its stabilty.

(iv) Conclude from your results what kind of bifurcation the system undergoes at u = 0.
[7 marks]
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Consider the following differential equation:

d’y  dy
227 =2 =
© dx? xdx 0

where y(0) = a and y(1) =2

(a) Show, using a perturbation series, that there is an exact solution if @ = 2, but that there

must be a boundary layer otherwise.
[6 marks]

(b) Now take a = 1. Assuming that the boundary layer is located at the origin, use a

boundary layer co-ordinate (X) to transform the differential equation into the form:

d’y dY 0
dx? dx

and, by matching the two solutions, show that the solution of the equation is:

fez/zdx
f e¥2dx

[10 marks]
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4. (a) What are the conditions on a function K(x, x") that are required for it to be a valid co-
variance function?

[4 marks]

(b) Let K;(x,x") and K,(x, x") be valid covariance functions. What conditions on @ € R and
B € R are required for

Ki(x, x') = aKi(x,x") + BKy(x, X')

to be a valid covariance function?
[6 marks]

(c) Assuming the data in Figure 1 below is to be modelled with a Gaussian process, write
an appropriate covariance function K(x, x"), and explain your reasoning.

[6 marks]
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