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Systems

RWD1

a) A centre exists when the Jacobian of the linearized equations describing the dynamical
system at an equilibrium has eigenvalues with zero real parts. Such equilibrium points
are said to be non-hyperbolic. The Hartman-Grobman theorem has nothing to say
about such equilibrium points as the theorem is about the stability properties of
hyperbolic equilibrium points being locally identical to the linearized model.

[2]

b) A centre found when linearizing about an equilibrium point is sometimes associated
with a limit cycle, where the angular position of the non-linear solution about the
centre has simple dynamics that are decoupled from the radial position. If this is the
case, then the existence and stability of any putative cycle can be determined by
considering the dynamics of the radial component alone. (2 marks for explanation)

Let a 2-D dynamical system be described by the differential equations

x=f(xy)

y=9(x,y)

Without loss of generality, translate x and y to the equilibrium point in question, so that
(0,0) is at the equilibrium point and define the local polar coordinates

r.2 — X2 + y2

0=tan Y.
X

Differentiating, we have

2rf = 2xk+2yy = £ = o WY

xy—yx}

Xy —YX
Xy —yX
= —r2
(5 marks for derivation)

(7]




c)

i) First note that x, = 0, x, = 0 substituted into the equations gives
X =0
X, =0

Thus (0,0) is an equilibrium point.

Differentiating the equations partially with respect to x, and x, results in the Jacobian J
. SUXZ + X =1+ 24X, X,

| 14+2ux,%,  3uxX; + px;
Substituting in (0,0), the A-matrix of the linearized system at the origin is

0 —

A=

_1 0
The eigenvalues are %j, i.e. with zero real component, and are independent of p.

(2]

ii) Changing to polar coordinates as per part (a) we get the dynamical system
description
2 2 2 2
‘o xl(— X, + yxl(x1 + X, ))+ X, (xl + X, (x1 + X, ))
r
_prt
r
= ﬂrs
2 2 2 2
O— Xl(Xl + X, (Xl +X, ))— X, (— X, + yXl(Xl +X, ))
r 2
r2
g
=1

The non-linear solution thus rotates about the origin counter-clockwise at a constant
angular velocity. If u<0, then r decreases (if r is non-zero) and the solution spirals into the
origin, i.e. a stable spiral. If u>0, then r increases (if r is non-zero) and the solution spirals
away from the origin, i.e. an unstable spiral. [4]

iii) If u=0 then the system is linear and is a centre. Thus the flow is a continuum of
circles, rotating counter-clockwise at a constant angular velocity about the origin.

(1]
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Question RWD2

a) A Poincaré Map is constructed by intersecting the solution flow of a dynamical
system with a linear subspace that has dimension 1 less than the system dimension,
the subspace being orthogonal (or transversal) to the flow. In the case of a 2-D
dynamical system, the sub-space is a line. If the flow is a limit cycle, then the flow’s
intersection with the sub-space is a point that, on its return, will intersect the sub-
space (usually) at a different point on the line. The continuous time dynamical
system’s limit cycle then defines a return or iterative map. The stability of the limit
cycle can then be determined by considering the dynamics of this return map.

[2]

b) A cobweb diagram is a mechanism for investigating the global stability properties of
a 1-D iterative map. The iterative map is of the form

Xk+l = f (Xk)

Associating y=x,,; with the vertical axis and x=x, as the horizontal axis we next plot

y=f(x) and y=x. Intersections of this curve with the straight line y=x correspond to

possible equilibrium points. Starting at a general value for x we find y=f(x) by drawing a

straight line vertically to intersect with the curve y=f(x). We then draw a horizontal

straight line to intersect y=x in order to define the next iterate. The cobweb diagram is

constructed by repeating this process a large number of times to determine if the

solution approaches and stays near an equilibrium point.

Further local investigation of the iterative map can be performed by linearizing the map
at the equilibrium points found to see is the magnitude of the linearized map is less
than 1.

c)

i) There are two equilibrium points at r=0 and r=1. The equilibrium point at r=1
corresponds to a periodic orbit as the angular velocity is constant. (The
equilibrium point at r=0 is unstable, that at r=1 is locally stable — not asked
for.)[2]

ii) We generate a Poincaré Map by intersecting the flow with the line 6 = constant.
From the equations of motion

4dr

mzdt:dg

Integrating, we get

]2 adr _ Hfde _or
rlril—rzi 5

[2]

i)

The change in radius must satisfy




] 4dr I" 11 1

r{L-r 2)” +r) 2(1-r)
L] e
1-r? |,
Thus
ry1-1 N e

Cross multiplying

rzz(l— rf): e"r, (1— rzz):> rzz(l— 2 +e"r, ): e"r,

Or

2 e’ _ 1 o 1
Po1etlem -1) 14er(nt-1) 7

We thus have an iterative function

1
f(r)=
Jl+e (r?-1)
that generates the next radius given the current radius. We may thus generate a
cobweb function by combining the function above with y=x using the construction
described in part (b)

1+e"(n* -1

Cobweb plot for question 2
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The Matlab generated cobweb plot of the solution is give above, from which it is clear
that the equilibrium point is stable.

(8l

The Matlab for part (c)
% Generates the cobweb map for Q2 in C24 2017

% Plot the iteration function and y=x
= [0.01:0.01:2];




y:
for i = 1:length(x)

y(1) = 1/sgrt(1+exp(-pi)*(1/x(i)"2 - 1));
end

X5
i

figure(1)

clfr

plot(x,y,Xx,Xx)

title("Cobweb plot for question 2%)
ylabel ("r_{k+1}7)

xlabel ("r_k*)

text(0-4,1.1,"r {k+1} = F(r)")

hold on

% Plot the cobweb for two starting points
for z = 0.019:1.8:2
% Starting point is (x1, yl)
= 2-

oRrP
i
X

i

1/sgre(l+exp(-pi)*(1/x1™2 - 1));
y2;

% vertical line

plot([x1 x1],[yl y2]);
% horizontal line

plot([x1 x2],[y2, y2]);

%iterate
x1 X2;

yl = y2;

end
end
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(a)

(b)

Bayesian model selection aims to identify the model (from a candidate set of models) which best
explains the data, and incorporating a prior on what the model might be. It does so by employing

Bayes’ rule such that

p(D | M)p(M)
M|D)= ———=,
pM | D) p(D)

where

e p(M | D) is the model posterior we would ideally want;

e p(D | M) is the evidence (or model likelihood);

e p(M) is the prior over the space of models;

o p(D) is the probability of the data under all possible models.
The principal advantage of Bayesian model selection lies in it automatically striking a tradeoff between
efficacy and complexity, inherently penalising both too simplistic and overly complex models.

Usually, p(M) and p(D) are difficult to specify / compute (the latter, for example, requiring marginal-
ising over all possible models). So in practice we often only use the evidence term for Bayesian model
selection.

(i) We will arrive at the model evidence by marginalising over the parameter 6 such that
pOIM) = fp(@ | 6, M)p(6 | M)do.

The individual observations are independent and, in principle, would yield a RV follwing a Bi-
nomial distribution, which involves a Binomial coefficient accounting for the likelihood of seeing
a particular number of heads or tails. However, the question specifically asks for the evidence
given a particular sequence of outcomes which means the binomial terms can be omitted (this
was discussed in the tutorials). Therefore
[ [pe10)
1

)

pDO 16, M)

The prior on 6 is given by the Beta distribution as specified in the question such that

1
pO| M) = B b)e)“—l(l—e)b—l.

So, putting it all together we get...

pOIM) = fp(Z)IG,M)p(GIM)dG
_ 1 kna—1,1 _ b1
= B(a,b)feea 1-071-6""do
— 1 —l+k1 _ p\b-1+
= B(a,b)fga (1-96) 1d0
_ Bla+k,b+q)
- B(a,b)

where the last step follows from the definition of the Beta function.



(i1) Substituting for the Beta function in the result of part b(i) yields

_Tla+DI(a+ Ik +q)
POIM) = F TN arbrk+q)
For model M: a = 4,b = 6, such that
B raoré + ere + q)
POIM) = F o0+ k+q)
For model M>: a = 6,b = 4, such that
B raore + ore + q)
POIM) = Fer@ro+k+q)
Therefore,
pPOIM) _ TE+RI6+4q)
p(D | M») L6+ I'(4 +q)

(k+3)!(g+5)!

(k+35)!(g + 3)!
k+3)Ug+3)Ug+d)(g+5)
(k+ 3k +4)(k+5)(g+3)!
(g+H(g+5)
(k+4)k+5)

(c)  From the plots provided in the question, note that M is biased towards tails (E[8] < 0.5), whereas M,
is biased towards heads (E[6] > 0.5).
(i) For a specific sequence of 5 heads and 5 tails, ﬁ Eg:%;; = 1. So both models are equally likely.
There is no evidence in favour of either.

(i1) For a specific sequence of 3 heads and 7 tails, Z Egl% ; = 2.36. Here the data provide more evidence

in favour of M| which makes sense as it favours a bias towards tails.

(iii) For a specific sequence of 7 heads and 3 tails, ﬁ Eg%;; = 0.42. Here the data provide more evidence

in favour of M, which makes sense as it favours a bias towards heads.
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