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a. Using multiple scales, with t; = t and t, = &t yields:

d d, @ dt, @ @ 0

- + €
dt dt dt, dt dt, Jt; dt,
Now inserting a perturbation series of the form:
Y=Y tey; +

gives:

<a + a><a +¢ a)( +ey;+)—e(l—(yp + &y, + )2)(a a)( +

at, Satz at, at, Yo T &V1 € Yo T €Y1 6t1 atz Yo+ é&y; +
+Oot+eyr+)=0

Collecting terms in £° gives:

62}’0

G Tl
hence the solution:
Yo = ag(tz)e's + by(ty)e

b. Collecting terms in €' gives:

52}’1 —(1—y)e dyo 623’0
aq Jt, aqag

Substituting the answer from part (a) into the RHS then gives:

63’1

Fy +y, = et |iag(1 — 2ayby) + iadby — 21—] + el [ ibo(1 — 2ayby) — iagh3 + 21—] +
1

The secular terms, i.e. the square brackets on the RHS, must be zero for the solution to be bounded:

dag
2——=ay(1 —agby)
dt,
dbo
dt2 = bo(1 — agby)

The initial conditions come from the solution to part (a) and y(0) = 1 and %(0) = 0. Hence:

ao(0) + by (0) = 1
iay(0) — iby(0) = 0

and thus: ay(0) = by(0) = 1/2. Note that the question does not ask for a solution.
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Consider the following dataset 7). tabulated as

x ylx)

2
1.

Lh b | =

Our goal 1s to model the function y(x), where the independent variable x is positive and real.
Define a model M as

xvd O=y<A
plx, 8, My=1{"" oo
Pyl ! {O otherwise
[1sin(g) O<f<n
gl M =42 -
pE1IM {O otherwise.

Observations y are identically and independently distributed given x, # and M.

(a)  Determine A.

|3 marks]

A can be determined by noting that p(y | x, 8, M) must be normalised over y. That is,

] p(y | x. 6. M) dy

A
I xyddy
Jo

|
|
=
e
i
-
Y

Omnly the positive root 1s consistent with the question.

(b}  Determine the model evidence for M given 7).

I8 marksl
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Given that the two observations are 11D, the model evidence 1s
pD I M) = ’ ply=21x=2,8 M)ply=1|x=35,8, M)p(d| M)dd
) Al 1
= ’ (2x2)8(5 =1 }stin[éf}dﬁ'.
Jo

L 15 determined by recognising that ply | x, , M) = 01f

yz A

/

-
I

2
xH

—
=]

4
-
I

T = s

1A

yix

There are two such terms in the integrand (p(y =2 |x =2, 8, M)and ply=1|x =5, 8, M)): The

first term is zero for 8 = 73; = 5-.1—2 = % The second term 1s zero for & > ;%; = T’% = % ple | M)is

zero for # = m. L is given by the lowest of the three limits, that is, [. = L—
Returning to the model evidence,

1

T
p(D | M)y=10 [ &% sin(@) de.

i)

Recalling integration by parts (which we'll use twice):
(uvy =wv+vu

uv— [l."udz [u'l-‘,

Hence
i =
P(D | M) = 10[ (= cos(®))|” - 10 f 20 (= cos(8)) dé
Jo
) : 1
= ll]lH‘ (— cos(d)) L] +20 [ # cos(#) de
Jo
1

. 3
= —g cos{l) + 2[}[|H sin{&l)ﬁ - [ sin[H}dH]
Jo

5 1, . oLy t
= 3 cos{zj +5 %IH{Z) - 20[— -:chss(f:|}|UI
1, 1

=3 cos( ;) + 551n{1) + 20-:0:;{4] -20
155 1 Ll
=3 cos[q} +5 sm[z} — 20 = 0.00970.

7 Describe the model by interpreting ply | x, #, M) and p(6 | M). Characterise the functions
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vi(x) that are probable under this model.

[5 marks]

ply | x, & M) is the likelihood (connecting the parameter # to data) and p(¢ | M) is the prior
for the parameter.

M is a parametric model: it has only the single parameter &. It 1s hence likely to be far less
flexible than a non-parametric model, like a Gaussian process.

p(d | M) is a fairly typical unimodal, bounded-support, prior, with a mean and mode of 1.

ply | x, 8, M) is a slightly unusual likelihood. For a given x and £, the probability of y is
linearly related to the value of y: the most probable value is just less than A.

—_—

According to the likelihood, 0 = y(x) < ‘\«'Ilﬁ' As such, the maximum possible value of y(x)

decreases with increasing x and §. However, within the envelope of possible values for y(x),
the weighting towards higher values linearly increases with increasing x and é.
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