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(a) Covariance functions. [5 mark(s)]

You can use any results from the lecture and example sheet to address the
following points:

1. Consider the Bayesian linear regression model prior over function values
F, = f(x;W) = Wiz + Waa? for real-valued inputs z and uncertain
parameter W ~ N(0,21) where I € R?>*? is the identity matrix. Under
this prior model, let m(z) = E[F,] denote the mean of F, and v(z) =
k(x, ) = var|[Fy] the variance. Determine m(2) and v(2). [2 mark(s)]

2. Decide whether & : (z,&) — x€+ cos(|Jz — | — ) can be a valid covariance
function on R? and explain your choice.” [1 mark(s)]

3. Assume you are given a function k : R? — R with k(2,2) = k(1,1) = 1,
k(1,2) = 2. Appeal to Cauchy-Schwarz inequality to show why & cannot
be a valid covariance function. [2 mark(s)]

Answers.

1. In the lecture, for uncorrelated W; and Bayesian models of the form F, =
S Wigi(x), we have derived the formula v(z) = Y, var[W;]¢Z(z).
Plugging this in with n = 1, ¢1(z) = x, ¢2(x) = 22 we get

v(z) =222 + 227

Hence,
v(2) = 8+ 32 = 40.

[1 mark(s)] Furthermore, using the linearity of the expectation operator,
we get m(x) = 0Va, and thus,

m(2) = 0.
[1 mark(s)]

2. k(0,0) = —1. Hence, k cannot be a variance (i.e. k is not pos. def.) and
k is not a valid covariance function. [1 mark(s)]

3. Indeed, k£ cannot be a covariance function since due to Cauchy-Schwartz
we must have k(x,2")? < k(z,x)k(x,2') for all inputs x,z’. However, for
z=1,2" = 2, we have

k(z,2')? =4 > 1= k(z,z)k(z',2).

[2 mark(s)]




(b) Bayes nets. [2 mark(s)]

C —D

/N

A — B . . .
Consider the Bayes net in the picture, represent-

ing the conditional independence structure of a joint probability distribution
P(A, B,C, D) of the discrete random variables A, B, C, D.

1. Write down the factorisation of the joint distribution into conditional dis-
tributions warranted by the Bayes net: P(A4, B,C,D) = ...7 [2 mark(s)]

Answers.

1. P(A,B,C,D) = P(A)P(B|A)P(C|A, B)P(D|C) [2 mark(s)]

(c) Bayesian regression. [9 mark(s)]

Consider a one-dimensional Bayesian regression problem where the uncertain
function we wish to infer is f : R>9 — R and where we know that it is a
solution to the linear differential equation

4

ar (t) = —f(t),Vt (S Rzo.

A priori, we assume the initial value w := f(0) is uncertain and modelled as
Gaussian distributed random variable W ~ N(0,1).

1. Argue why this uncertainty about the initial value corresponds to a prior
Gaussian process F' ~ GP(u, k) about f with F; = ¢! W and determine
its prior mean function u : ¢ — E[F}] and covariance function k : (¢,t") —
cov(Fy, Fy). [3 mark(s)]

2. Suppose that, for time 7 = 1, we were able to observe a noisy sample
D = {(7,y)} where noisy function value y = f(7) + v = 1 and the noise
perturbation v was drawn from a a standard normal distribution: v ~
N(0,1). Determine a maximum likelihood estimate w,,; of the initial
value parameter w. [3 mark(s)]

3. Furthermore, determine a maximum a posteriori estimate wy,q, of the
initial value parameter w. [3 mark(s)]

Make sure to not just provide the numerical values but also to show how you
derived them.



Answers.

1. Every solution of the ODE is of the form f(t) = we™* where w = f(0).
Since W~ N(0,1), F; = We " is a Gaussian random variable with
mean p(t) = 0. In addition k(t,t') = cov(Fy, Fy) = cov(W, W)e te™ =
e~ () [3 mark(s)]

2. Likelihood:

plolrw) o< exp(— (y— 1(7))?)
—_———

Gaussian density

1
= exp(—5(1 - we™)?)
Hence:

Wy € argmax log (p(y| 7, w))
1
= arg max—§(1 —we1)?

= argmin(l — we™!)? = {e}.

[3 mark(s)]
3. MAP:

Wpnap € argmaxlog (p(y]7, w)p(w))

1 1
= arg mgx—i(l —we 1)? - §w2
= argmin (1 — we™)? 4+ w?

w

=:g(w)

Dealing with a (convex) quadratic function g, all we need to do is to solve

9 (Winap) = O
g (Wimap) = =267 (1 — winape ™) + 2wpmap 20
oe ! = wmap672 = Wmap
el = Wnap(l +e72).
Hence
o1
Wmap = 1 +7_2 ~ 0.324.
e
[3 mark(s)]




