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1.

Advanced Probability

(a) Suppose the height above ground of the flight trajectory of an unidentified flying object

(UFO) is given by the function /# : R — R, where R, is the set of positive real numbers,
h(t) denotes the height (in m) at time ¢. Consider the Gaussian process GP(u, k) where
the covariance function is given by k(, ') = exp(—4|t—#'|*) and where the mean function
is u(r) = 10, Ve, 1.

(1) Argue briefly whether or not this Gaussian process might be a reasonable a priori
model of a subjective (Bayesian) belief about the height trajectory of the UFO.

Solutions. No, because this GP ascribes a non-zero probability to the event that the height
is negative.

(i1) This time, consider our a priori knowledge about the log-height £(r) = log(h(?))
is modelled by supposing a priori that £ ~ GP(u,k). Subsequently, we receive the
observation A(¢) = exp(6) for time & = 2 which we use to create our data set D.

Give the formulae for the posterior mean function myp(¢) = E[L,|D] and variance func-
tion vyp(t) = V[L,|D] for the log-height random variable L, = {(¢) at time ¢ and evaluate
them at time ¢ = 3 (give an approximate numerical value for each).

Solutions. First, what is asked for is the posterior mean function myp(t) for t = 2 and
D = {(0, 1)} We utilise the formula for the posterior mean function m,, of a GP to get

map(t) = p(t) + k(t, E)kE, €) 7 (6E) — u(é))
= 10 — 4k(t, &) = 10 — dexp(—4t — 2.

Hence, myp(3) = 10 - 4e* ~ 10— 4%0.0183 ~ 9.926.
Similarly, we have

vap(t) = k(t, 1) = k(t, EYk(€, €)™ k(€. 1)
=1 —exp(=8|t — 2|);

Hence,

vap(3) = 1 —e™® ~ 0.9996.

(iii) Let H, denote the random variable of the height A(¢) at time ¢ after having observed
the data D. Conditional on the data, work out a 95 % confidence interval of the height in
the infinite time limit. That is, specify a, b € R such that Pr[lim,_., H, € [a, b]] = 95%.

HINT: You may make use of the following facts:

e For any Gaussian distributed random variable X ~ A'(m,0?) a 95% confidence
interval is given by [m — 1.960, m + 1.9607].

e Suppose (X;).cr is a sequence of Gaussian random variables with X; ~ N (m;, 0',2) for
all r and where the moments converge: lim,_,., m, =: my, € R, lim, ,., 07, =: 07, € R.
Then we can define the limit lim,,., X; =: X, as arandom variable with distribution

N(me, 02).



Solutions. We notice that if [u,v] is a confidence interval of the normally distributed r.v.
L, then, because exp(-) is a strictly monotonically increasing function (and an injection),
that [a, b] with a= exp(u) and b = exp(v) is a confidence interval with the same level of
confidence for the r.v. H, = exp(L,). Hence, all we need to work out are u, v for the r.v.

Lo =1lim L, ~ N (Mo, Veo)
t—o00

where
Me = lim mg|D(l) =10
t—o00

and
Voo = lim Vg|D(l) =1.
—00

By the hint, we can define
u:=10-1.96, v=10+1.96

Hence a = exp(u) = 3102.61 and b = exp(v) = 156373.084

[9 marks]

(b) In the lectures you have been told that the sum of two covariance functions is a co-
variance function. Now we ask you to show it in the following scenario: Suppose
you have two valid continuous covariance functions k;,k; : X — R on the domain
X = [0,1]*> ¢ R?. Show that on X the function k = k, + k;, is also a valid covariance
function.

[4 marks]

Solutions.

We appeal to Mercer’s condition showing that (f, T f) > OV f € L,([X]). Since k1, k, are
continuous covariance functions on compact support, Mercer’s condition holds and hence
T ) fs Trof) > OV f € Ly(IX]). Now for all f

1 1
VT = f f FOOki (x, ) + ka6, X)) (Xl xd !
0 0
1 1
) j(; jo‘ (f Ok (x, ') f(X) + [0k (x, ') f(x"))dxdx’

1 1 1 1
= f f SOk (x, x) f(xX")dxdx" + f f FOka(x, X' ) f(x))dxdx’ > 0
0 0 0 0

(FTiy )>0 (£Ti )>0

g.e.d.

(c) Consider a distribution P(A, B, C, D, E) of the discrete random variables A, B,C, D, E
and suppose the distribution has a conditional independence structure admitting the fac-
torisation P(A, B, C, D) = P(A|B, C)P(C)P(D|C)P(B)P(E). Draw a Bayes net represent-




ing this conditional independence structure.
[3 marks]

Solutions.




