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• Equilibrium definitions

• Stability definitions for equilibrium points

• Phase space of Linear systems

• Linearization and the stability of equilibria of nonlinear systems



Equilibria of continuous time systems
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An equilibrium is a point in state space where ẋ = 0:

x⇤ is an equilibrium of ẋ = f(x) if and only if f(x⇤) = 0

• If x(0) = x⇤, then x(t) = x⇤ for all t
hence x⇤ is sometimes called a fixed point

• For a linear autonomous system with non-zero eigenvalues,
there is only one solution to Ax⇤ = 0, namely x⇤ = 0

• In general there may be many points x⇤ satisfying f(x⇤) = 0
therefore a nonlinear system can have many equilibria
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Equilibria of maps
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Discrete time systems also have equilibrium points

x⇤ is an equilibrium of xk+1 = g(xk) if and only if g(x⇤) = x⇤

• The equilibria of a discrete time system are the fixed points of
the state update equation, so that

x0 = x⇤ =) xk = x⇤ for all k

• For di↵erential equations, there is a flow of solutions through
phase space but the state of a discrete time system ‘jumps’ be-
tween points space, making their trajectories harder to visualize
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Flows and equilibria
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• We can think of the solution to a non-linear di↵erential equation
as a flow in an n-dimensional phase space, representing it with
streamlines as we would for flow of a liquid

• In this analogy the vector-valued function f in

dx

dt
= f(x)

is a vector field defining the flow velocity

• Flows can end or begin at equilibria, or circulate around them

• The stability of the flow near an equilibrium is an important char-
acteristic, which we will focus on today
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Stability of flow equilibria
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• Definition: An equilibrium point x⇤
is said to be stable if, given

any " > 0, there exists � > 0 such that all solutions x(t) satisfy

|x(t)� x⇤| < " for all t � 0 whenever |x(0)� x⇤| < �

• Otherwise the equilibrium point is said to be unstable
(i.e. if, for some " > 0, no � > 0 exists satisfying this condition)

• Definition: An equilibrium point x⇤
is asymptotically stable

if it is stable and � > 0 exists such that

lim
t!1

|x(t)� x⇤| = 0 whenever |x(0)� x⇤| < �
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Picturing stability
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Epsilon-delta arguments
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Exponential stability
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• Definition: An equilibrium point x⇤ is exponentially stable if
x⇤ is asymptotically stable and there exist finite constants
↵, �, � > 0 such that

|x(t)� x⇤| < ↵e��t|x(0)� x⇤| 8t � 0 whenever |x(0)� x⇤| < �

• As well as requiring that the solution is stable and converges
to the equilibrium point (asymptotic stability), this also
quantifies the rate of convergence

i.e. how fast the solution flows to the equilibrium point
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Flows in 2x2 linear systems
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The uncoupled 2x2 first-order linear system

solved by

dx1
dt

=α1x1

dx2
dt

=α 2x2

x1 t( ) = x1 0( )eα1t
x2 t( ) = x2 0( )eα2t

x1 t( )⎡⎣ ⎤⎦
α2 /α1 = x1 0( )⎡⎣ ⎤⎦

α2 /α1 eα2t = x2 0( )−1 x1 0( )⎡⎣ ⎤⎦
α2 /α1 x2 t( )

x2 = cx1
α2 /α1
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Stability of the uncoupled 2x2 system

solved by

dx1
dt

=α1x1

dx2
dt

=α 2x2

x1 t( ) = x1 0( )eα1t
x2 t( ) = x2 0( )eα2t
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Coupled 2x2 first-order linear system

or

dx1
dt

= ax1 + bx2

dx2
dt

= cx1 + dx2

!x = Ax,   where   A = a d
c b

⎡

⎣
⎢

⎤

⎦
⎥

etA = Vdiag eλit{ }V−1
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Eigenvalues

det A − λI( ) = det a − λ d
c b− λ

⎡

⎣
⎢

⎤

⎦
⎥

⎛

⎝
⎜

⎞

⎠
⎟ = λ 2 − a + b( )λ + ab− cd( ) = 0

λ 2 − tr A( )λ + det A( ) = 0

tr A( ) = λ1 + λ2

det A( ) = λ1λ2
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Solving with eigenvectors and eigenvalues

x 0( ) = c1v1 + c2v2 = V
c1

c2

⎡

⎣
⎢
⎢

⎤

⎦
⎥
⎥

   ⇒    
c1

c2

⎡

⎣
⎢
⎢

⎤

⎦
⎥
⎥
= V−1x 0( )

x t( ) = etAV c1
c2

⎡

⎣
⎢
⎢

⎤

⎦
⎥
⎥
= Vdiag eλit{ }V−1V

c1
c2

⎡

⎣
⎢
⎢

⎤

⎦
⎥
⎥
= c1e

λ1tv1 + c2e
λ2tv2
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Characteristics of linear system trajectories
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Coordinate transformation to normal form

!x = Ax

!y =KAK −1y

!y =
λ1 0

0 λ2

⎡

⎣
⎢
⎢

⎤

⎦
⎥
⎥
y

!y = a −b
b a

⎡

⎣
⎢

⎤

⎦
⎥y
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Degeneracy of eigenvectors

A − λ1I( )v2 = v1    ⇒    A − λ1I( )2
v2 = A − λ1I( )v1 = o

A = V ' λ 1
0 λ

⎡

⎣
⎢

⎤

⎦
⎥ V '( )−1

<latexit sha1_base64="3sxtturMf6wgINmWhLAjqk4jCSM="></latexit>
1 1
0 1

�
has eigenvalue � = 1 (multiplicity 2), eigenvector v1 =


1
0

�
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Saddle equilibrium points via normal forms

!x = Ax

V−1AV =
λ1 0

0 λ2

⎡

⎣
⎢
⎢

⎤

⎦
⎥
⎥

!x = Ax
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Stable equilibrium points via normal forms

V−1AV =
λ1 0

0 λ2

⎡

⎣
⎢
⎢

⎤

⎦
⎥
⎥

V−1AV =
λ1 0

0 λ1

⎡

⎣
⎢
⎢

⎤

⎦
⎥
⎥

V '( )−1A V '( ) = λ1 1

0 λ1

⎡

⎣
⎢
⎢

⎤

⎦
⎥
⎥



Stable and unstable flow shapes
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y = V−1x   or  y = V '( )−1
x

y1

y1



Centre equilibrium points via normal forms
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V 'A V '( )−1 = 0 −b
b 0

⎡

⎣
⎢

⎤

⎦
⎥

y1

y2

y1

y2

b > 0 b < 0



Stable and unstable spirals
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V 'A V '( )−1 = a −b
b a

⎡

⎣
⎢

⎤

⎦
⎥

b > 0b < 0

a < 0

a > 0



Phase space equation summary
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!x = Ax

!y =
λ1 0

0 λ2

⎡

⎣
⎢
⎢

⎤

⎦
⎥
⎥
y   ⇒    y t( ) = eλ1t 0

0 eλ2t

⎡

⎣
⎢
⎢

⎤

⎦
⎥
⎥
y0

!y =
λ1 1

0 λ1

⎡

⎣
⎢
⎢

⎤

⎦
⎥
⎥
y   ⇒    y t( ) = eλ1t 1 t

0 1
⎡

⎣
⎢

⎤

⎦
⎥y0

!y = a −b
b a

⎡

⎣
⎢

⎤

⎦
⎥y   ⇒    y t( ) = eat cosbt −sinbt

sinbt cosbt
⎡

⎣
⎢

⎤

⎦
⎥y0



Example of coordinate change
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!x = 0 2
1 −1

⎡

⎣
⎢

⎤

⎦
⎥x

λ 2 + λ − 2 = 0 ⇒  λ ∈ 1,−2{ }

v1 =
2
1

⎡

⎣
⎢

⎤

⎦
⎥ v2 =

−1
1

⎡

⎣
⎢

⎤

⎦
⎥

A = 0 2
1 −1

⎡

⎣
⎢

⎤

⎦
⎥ = VDV−1 = 2 −1

1 1
⎡

⎣
⎢

⎤

⎦
⎥
1 0
0 −2

⎡

⎣
⎢

⎤

⎦
⎥
2 −1
1 1

⎡

⎣
⎢

⎤

⎦
⎥

−1



Example continued
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2 −1
1 1

⎡

⎣
⎢

⎤

⎦
⎥

−1

!x = 1 0
0 −2

⎡

⎣
⎢

⎤

⎦
⎥
2 −1
1 1

⎡

⎣
⎢

⎤

⎦
⎥

−1

x

x t( ) = 2 −1
1 1

⎡

⎣
⎢

⎤

⎦
⎥
et 0
0 e−2t

⎡

⎣
⎢
⎢

⎤

⎦
⎥
⎥
2 −1
1 1

⎡

⎣
⎢

⎤

⎦
⎥

−1

x0

x t( ) = 13
e−2t + 2et −2e−2t + 2et

−e−2t + et 2e−2t + et
⎡

⎣
⎢
⎢

⎤

⎦
⎥
⎥
x0

-2 -1 0 1 2

-2

-1

0

1

2

x1

x 2



Linearization of nonlinear systems
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• Consider the nonlinear system ẋ = f(x) with equilibrium at x⇤

• Let x = x⇤ +w and assume that f is di↵erentiable.
Then the Taylor expansion of the ith entry, fi, of f gives

fi(x
⇤ +w) = fi(x

⇤) +
nX

j=1

✓
@fi

@xj

����
x⇤
wj +O(|wj |2)

◆

• Noting that equilibrium is independent of time by definition

ẋ = ẇ = Df(x⇤)w +O(kwk2)

• The matrix Df(x) is called the Jacobian of the vector-valued
function f , with ijth entry (Df)ij = @fi/@xj



Hyperbolic equilibria
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Definition (hyperbolic equilibrium): If x⇤ is an equilibrium of system
ẋ = f(x), then x⇤ is called a hyperbolic fixed point if all eigenvalues
of the Jacobian Df(x⇤) have nonzero real parts

• This leads to an important theorem: if an equilibrium point is
a hyperbolic fixed point and all the eigenvalues of the Jacobian
have negative real parts, then the equilibrium solution x = x⇤ is
asymptotically stable

• Note that this proves asymptotic stability but does not say any-
thing about the size of the region of stability
– this depends on the size of � from the game on slide 7

• In lecture 3 we will see how linearizations near equilibrium points
can be used to get information about nonlinear systems



Example: Duffing oscillator
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The Du�ng oscillator is described for � � 0 by

dx

dt
= y

dy

dt
= x� x3 � �y

– equilibria: (x⇤, y⇤) = (0, 0) and (±1, 0)

– Jacobian: Df =


0 1

1� 3x2 ��

�

– at (0, 0) : �1,2 =
��±

p
�2+4

2 =) unstable

at (±1, 0) : �1,2 =
��±

p
�2�8

2 =) asymptotically stable if � > 0

– If � = 0, (±1, 0) is a centre =) local linearization inconclusive



Example: Duffing oscillator
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Phase plane of the Du�ng oscillator with � = 0.5


