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Lecture 7 overview

• We have considered the behaviour of autonomous systems with a
single set of parameters, which were assumed to be known

• Now we will focus on how system behaviour changes depending on 
the values of the constant parameters of the system model

• Equilibrium points can change positions and character as the 
parameters change, leading to a bifurcation in the response

• This lecture will focus on categorizing bifurcations, and on 
providing criteria that can be used to classify them
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Local bifurcations

• Until now our focus has been autonomous systems of the form

�̇� = 𝐟 𝐱

• This lecture considers the structural stability of solution topology 
in phase space near equilibrium points as a function of the vector 𝐩

• Recall (Lecture 1) that we can also consider 𝐟 to depend on a constant 
vector of parameters 𝐩 ∈ ℝ!: 

�̇� = 𝐟 𝐱; 𝐩

• Here 𝐩 may also be called a bifurcation vector or bifurcation 
parameter, because the character of solution trajectories may 
branch (bifurcate) if the parameter values change 
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1-D bifurcations

• A bifurcation occurs when the number or type of equilibrium points 
changes as parameter p is changed, e.g. stable to unstable

• The simplest systems to consider are autonomous systems with
solutions on the (1-D) phase line

�̇� = 𝑓 𝑥; 𝑝 , 𝑥, 𝑝 ∈ ℝ

• Three types of 1-D bifurcation:
- saddle-node
- transcritical
- pitchfork

• Bifurcations are analyzed using “normal forms” – standardized 
equations representing various classes of problem
(not the same as linear system normal forms!)
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Saddle-node bifurcation

• A bifurcation diagram shows positions and types of equilibria 
(vertical axis) as 𝑝 varies (horizontal axis); solid lines show stable 
equilibria, dashed lines show unstable equilibria

• The normal form of a system with a saddle-node bifurcation is

�̇� = 𝑝 − 𝑥"

• There are stationary points when 0 = 𝑝 − 𝑥" ⇒ 𝑥 = ±√𝑝

– 𝑝 > 0 ⇒ two equilibria (one unstable, one stable)

– 𝑝 = 0 ⇒ one equilibrium point (a saddle)

– 𝑝 < 0 ⇒ no equilibrium points

𝑥

𝑥

𝑥
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Saddle-node bifurcation diagram

• Bifurcation diagram

– 𝑝 > 0 𝑥

– 𝑝 = 0
– 𝑝 < 0

• Normal form �̇� = 𝑝 − 𝑥"

𝑝

𝑥

no equilibria

one
two

characteristic flows
on the phase line𝑥

𝑥
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Transcritical bifurcation

• There is always a stationary point at 𝑥 = 0, but its stability 
depends on 𝑝: the equilibria swap character as 𝑝 passes 
through the saddle point at 𝑝 = 0

• The normal form of a system with a transcritical bifurcation is

�̇� = 𝑝𝑥 − 𝑥" = 𝑥(𝑝 − 𝑥)

• There are equilibrium points at 𝑥 = 0 and 𝑥 = 𝑝

– 𝑝 > 0 ⇒ two equilibria (one unstable, one stable)

– 𝑝 = 0 ⇒ one equilibrium point (a saddle)

– 𝑝 < 0 ⇒ two equilibria (one unstable, one stable)

𝑥

𝑥

𝑥
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Transcritical bifurcation diagram

• Bifurcation diagram

• Normal form �̇� = 𝑝𝑥 − 𝑥"

𝑝

𝑥

two equilibria

one two

– 𝑝 > 0 𝑥

– 𝑝 = 0
– 𝑝 < 0

characteristic flows
on the phase line𝑥

𝑥
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Pitchfork bifurcation

• The normal form of a system with a pitchfork bifurcation is

�̇� = 𝑝𝑥 − 𝑥# = 𝑥( 𝑝 + 𝑥)( 𝑝 − 𝑥)

-1.5 -1.0 -0.5 0.0 0.5 1.0 1.5
-1.5

-1.0

-0.5

0.0

0.5

1.0

1.5

𝑝

𝑥

one equilibrium

three

– 𝑝 ≤ 0 ⇒ one equilibrium (stable)

– 𝑝 > 0 ⇒ three equilibria (one unstable, two stable)
• There are stationary points at 𝑥 = 0 and, if 𝑝 > 0 at 𝑥 = ±√𝑝

𝑥

𝑥
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Tangency conditions

• The first condition says that 𝑥0 is an equilibrium point; the second 
says that 𝑥0 is a root with multiplicity two, so is non-hyperbolic

• Generally these conditions decide whether a bifurcation exists; 
additional conditions classify the bifurcation

• For a one-dimensional autonomous system, the locations 𝑥0, 𝑝0 of 
bifurcation points are identified by tangency conditions

<latexit sha1_base64="BfdSN+wWliIru9BUrtq+JyUKtn4="></latexit>

f(x0, p0) = 0
@f

@x

���
x0,p0

= 0

• For example
consider the
transcritical
bifurcation:

<latexit sha1_base64="PC2Hb2zChaWf/qcBWTbNNFR8X9k="></latexit>

(px� x2)|p0,x0 = x0(p0 � x0) = 0

@

@x
(px� x2)|p0,x0 = p0 � 2x0 = 0

) (x0, p0) = (0, 0)
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Tangency for saddle-node bifurcation

𝑝
𝑥

• For a bifurcation 
we need

<latexit sha1_base64="8+S4NwcjILUFNZtNzqzWLdhzcTI="></latexit>

f(x0, p0) = 0

@f

@x

���
x0,p0

= 0

• For a saddle bifurcation we also need 𝑓 to be locally linear in the 
parameter 𝑝 and locally quadratic in the state 𝑥:

<latexit sha1_base64="G1kcH79aavjb56q8q/K0nwOoFXs="></latexit>

@f

@p

���
x0,p0

6= 0,
@2f

@x2

���
x0,p0

6= 0

<latexit sha1_base64="01w6X9rD21ft0/5hFHlwImjQsK4=">AAAB+nicbVC7TgMxENzjGcLrAh00FhESDdFdikCDFImGMkjkISVH5HOcxIrPd7J9kOjIJ/AJNBQgREPBT9DS8SH0OI8CEkZaaTSza++OH3GmtON8WQuLS8srq6m19PrG5ta2ndmpqDCWhJZJyENZ87GinAla1kxzWoskxYHPadXvnY/86g2VioXiSg8i6gW4I1ibEayN1LQzjVaok/4QnaEIHaP+db5pZ52cMwaaJ+6UZIuZe/t77+Ot1LQ/zRskDqjQhGOl6q4TaS/BUjPC6TDdiBWNMOnhDq0bKnBAlZeMVx+iQ6O0UDuUpoRGY/X3RIIDpQaBbzoDrLtq1huJ/3n1WLdPvYSJKNZUkMlH7ZgjHaJRDqjFJCWaDwzBRDKzKyJdLDHRJq20CcGdPXmeVPI5t5BzL00aBZggBftwAEfgwgkU4QJKUAYCt/AAT/Bs3VmP1ov1OmldsKYzu/AH1vsPEPeWNg==</latexit>

ẋ = p� x2
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Tangency for transcritical bifurcation

• For a bifurcation 
we need

<latexit sha1_base64="8+S4NwcjILUFNZtNzqzWLdhzcTI="></latexit>

f(x0, p0) = 0

@f

@x

���
x0,p0

= 0

𝑝
𝑥

<latexit sha1_base64="W0VNNmuTm/dc6wgAALFq0UPWMe8=">AAAB+3icbVC7SgNBFL0bXzG+NrHTZjAINobdFNFGCNhYRjAPSGKYncwmQ2YfzMzKhmU/wV+wsVDEwsaPsLXzQ+ydPApNPHDhcM69M/ceJ+RMKsv6MjIrq2vrG9nN3Nb2zu6emS80ZBAJQusk4IFoOVhSznxaV0xx2goFxZ7DadMZXU785h0VkgX+jRqHtOvhgc9cRrDSUs8sdPqBSuIUXaAwRqcovi33zKJVsqZAy8Sek2I1f29+H3y81Xrmp36ERB71FeFYyrZthaqbYKEY4TTNdSJJQ0xGeEDbmvrYo7KbTHdP0bFW+sgNhC5foan6eyLBnpRjz9GdHlZDuehNxP+8dqTc827C/DBS1Cezj9yIIxWgSRCozwQlio81wUQwvSsiQywwUTqunA7BXjx5mTTKJbtSsq91GhWYIQuHcAQnYMMZVOEKalAHAjE8wBM8G6nxaLwYr7PWjDGf2Yc/MN5/APLKlrg=</latexit>

ẋ = px� x2

• For a transcritical bifurcation we also need 𝑓 to be locally bilinear in 𝑥
and 𝑝, and locally quadratic in the state 𝑥

<latexit sha1_base64="akjECDYxgHafWmwdNbtD6DlZniI="></latexit>

@f

@p

���
x0,p0

= 0,
@2f

@x@p

���
x0,p0

6= 0,
@2f

@x2

���
x0,p0

6= 0
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Tangency for pitchfork bifurcation

• For a bifurcation 
we need

<latexit sha1_base64="8+S4NwcjILUFNZtNzqzWLdhzcTI="></latexit>

f(x0, p0) = 0

@f

@x

���
x0,p0

= 0

• For a pitchfork bifurcation we also need 𝑓 to be locally bilinear in 𝑥
and 𝑝, and locally cubic in 𝑥

<latexit sha1_base64="djB2Z46zrVtxorJi8W8k4ip1GZc="></latexit>

@f

@p

���
x0,p0

= 0,
@2f

@x@p

���
x0,p0

6= 0,
@2f

@x2

���
x0,p0

= 0,
@3f

@x3

���
x0,p0

6= 0

𝑝
𝑥

<latexit sha1_base64="/BPhXLjB4FDHP1jxqwVJzLAdAk4=">AAAB+3icbVC7SgNBFJ2Nrxhfm9hpMxgEG8OuQrQRAjaWEcwDkhhmJ7PJkNkHM3dlw7Kf4C/YWChiYeNH2Nr5IfZOHoUmHrhwOOfemXuPEwquwLK+jMzS8srqWnY9t7G5tb1j5gt1FUSSshoNRCCbDlFMcJ/VgINgzVAy4jmCNZzh5dhv3DGpeODfwChkHY/0fe5ySkBLXbPQ7gWQxCm+wGGMj3F8e9o1i1bJmgAvEntGipX8vfm99/FW7Zqf+hEaecwHKohSLdsKoZMQCZwKlubakWIhoUPSZy1NfeIx1Ukmu6f4UCs97AZSlw94ov6eSIin1MhzdKdHYKDmvbH4n9eKwD3vJNwPI2A+nX7kRgJDgMdB4B6XjIIYaUKo5HpXTAdEEgo6rpwOwZ4/eZHUT0p2uWRf6zTKaIos2kcH6AjZ6AxV0BWqohqiKEYP6Ak9G6nxaLwYr9PWjDGb2UV/YLz/APROlrk=</latexit>

ẋ = px� x3



• This has an equilibrium at 𝑥 = 1
and has a second equilibrium 
only if 𝑝 ≠ −1
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Tangency conditions example

• Consider the system

0 1 2 3 4 5

0

1

2

3

4

𝑓

𝑥

𝑝 = – 2

– 3/2
– 1

– 1/2
<latexit sha1_base64="Ui4lEwYjT221Of8qCXCDmhds6pY=">AAACDHicbVDLSgMxFM3UV62vqe50EyyCoJYZF9WFQsGNywr2Ae1QMmmmDc1kQpKRlqEf4EJ/RRcuFHEruHXnh7g3fSy09YQLh3PuTXKPLxhV2nG+rNTc/MLiUno5s7K6tr5hZzcrKoolJmUcsUjWfKQIo5yUNdWM1IQkKPQZqfrdi6FfvSFS0Yhf674gXojanAYUI22kpp1rtCKd9AbwHIoG47AHD0wdQfcQNswR8Aw6psvJOyPAWeJOSK6YvbO/tz8eS03709yK45BwjRlSqu46QnsJkppiRgaZRqyIQLiL2qRuKEchUV4yWmYA94zSgkEkTXENR+rviQSFSvVD33SGSHfUtDcU//PqsQ5OvYRyEWvC8fihIGZQR3CYDGxRSbBmfUMQltT8FeIOkghrk1/GhOBOrzxLKsd5t5B3r0waBTBGGuyAXbAPXHACiuASlEAZYHALHsAzeLHurSfr1Xobt6asycwW+APr/Qej5Zsk</latexit>

ẋ = p lnx+ x� 1, p < 0

• Tangency conditions show that 𝑝$ = −1 is a bifurcation:
<latexit sha1_base64="9mVx4DdwW4jAVUu2k9Mh9nJC8rM="></latexit>

p0 lnx0 + x0 � 1 = 0

@

@x
(p lnx+ x)

���
x0,p0

= 0
=) (x0, p0) = (1,�1)

<latexit sha1_base64="eLAfAPkSmuMRs4ombdbq0xHNFr8="></latexit>

@

@p
(p lnx+ x)

���
x0,p0

= ln(x0) = 0
@2

@x@p
(p lnx+ x)

���
x0,p0

=
1

x0
= 1

@2

@x2
(p lnx+ x)

���
x0,p0

= � p0
x2
0

= 1 =)

•

transcritical
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2-D bifurcations

• We will not apply the theorem in detail here; instead we will 
explore an example of a 2-D system with a bifurcation

• We can also characterize bifurcations for autonomous systems of 
higher order (than 1st order), so long as they have just a single 
scalar parameter 𝑝

• If a 2-D system �̇� = 𝐟(𝐱; 𝑝) has an equilibrium at 𝐱0, then 
bifurcations can be characterized with Sotomayor’s theorem 
(cf. Perko 4.2), which uses the Jacobian of 𝐟 to formulate 
higher-dimensional tangency conditions
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2-D bifurcation example

Does the origin have a bifurcation for the following system?

�̇� = 𝑝𝑥 + 𝑦 + sin 𝑥

�̇� = 𝑥 − 𝑦

• Find equilibria:
0 = 𝑝𝑥$ + 𝑦$ + sin 𝑥$
0 = 𝑥$ − 𝑦$

𝑦$ = 𝑥$
𝑝 + 1 𝑥$ = −sin 𝑥$

⇒

-5 0 5
-1.5

-1.0

-0.5

0.0

0.5

1.0

1.5

if 𝑝 = –2, the line drawn 
by the left side of this 
equation is tangent to the 
function on the right;

expect bifurcation at 
𝑝 = –2;

𝑝 = –2 𝑝 < –2

𝑝 > –2
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2-D bifurcation example
<latexit sha1_base64="T49JmX6+wLHhESSVIYpHSbTK2N0="></latexit>

System


ẋ
ẏ

�
=


px+ y + sinx

x� y

�
= f(x, y)

• Jacobian: Df(x, y) =


p+ cosx 1

1 �1

�

Df(0, 0) =


p+ 1 1
1 �1

�

eigenvalues: eig
�
Df(0, 0)

�
= 1

2

�
p±

p
(p+ 2)2 + 4

�

• eigenvalues are: negative if p < �2

opposite in sign if p > �2 (unstable direction is


1
1

�
)

• more than one equilibrium point exists for p > �2
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2-D bifurcation example (cont’d)

Phase portraits for 𝑝 < −2 and 𝑝 > −2:

Origin is stable
-1.0 -0.5 0.0 0.5 1.0

-1.0

-0.5

0.0

0.5

1.0

-1.0 -0.5 0.0 0.5 1.0

-1.0

-0.5

0.0

0.5

1.0

𝑝 = –2.1 𝑝 = –1.9

Origin is a saddle

𝑝 < –2 𝑝 > –2
A pitchfork
bifurcation:
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Hopf bifurcations

• The example just considered is a 2-D system with an equilibrium 
point at 0 that has:

- one negative eigenvalue for all values of the parameter 𝑝, 

- another eigenvalue passing through 0 at 𝑝 = −2
the non-hyperbolic behaviour at 𝑝 = −2 was found to be a pitchfork 
bifurcation

• A 2-D system undergoes a Hopf bifurcation if the non-hyperbolic 
point is a centre (with pure imaginary eigenvalues) 
– in this case the stability of both eigenvalues can change
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Conditions for a Hopf bifurcation

v

<latexit sha1_base64="lZ9TOVPjljQsPSVWGD86MlhnrIE="></latexit>

Re(�)

<latexit sha1_base64="zqJ335c/48bG7JqgLA0S+mcJuTA="></latexit>

Im(�) <latexit sha1_base64="u1zZ5gbSnEW+9e/loUEjnOulZoY="></latexit>

�+(p)

<latexit sha1_base64="LzlkwAnzptBFXhNXBG3MOcJCmCk="></latexit>

��(p)

<latexit sha1_base64="/lxv0abUWxzC3UqBSpwusyi9S4A="></latexit>

p < p0
<latexit sha1_base64="P5nUrw2LkpnMFXo/MHxp1luzyYs="></latexit>

p > p0

<latexit sha1_base64="ux3oml8y0+R//g5lv3/Z0pdtvsU="></latexit>p = p0

<latexit sha1_base64="rM4qS8Lt9X8H9NTEDhJ4mzUSFt8="></latexit>

• Assume a two-dimensional system with a scalar parameter p and

equilibrium point x⇤ = x⇤(p):

ẋ = f(x, p), f(x⇤, p) = 0

• The system undergoes a Hopf bifurcation if

eig
�
Df(x⇤, p)

�
= �±(p) = ↵(p)± j!(p)

for p in the range

p0 � ✏ < p < p0 + ✏

for some ✏ > 0 with

↵(p)

8
><

>:

< 0 for p < p0
= 0 for p = p0
> 0 for p > p0
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Supercritical Hopf bifurcation

The supercritical Hopf bifurcation is best thought of in polar
coordinates 𝑟, 𝜃 :

- below the critical value of the parameter, there is a stable spiral 
equilibrium

- above the critical value, there is an unstable spiral with an 
enclosing stable limit cycle

the limit cycle’s radius 𝑟 expands with increasing 𝑝

𝑝

𝑝 = 𝑝0 𝑝 > 𝑝0𝑝 < 𝑝0

𝑝

𝑟
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Subcritical Hopf bifurcation

𝑝

𝑟

p

𝑝 = 𝑝0 𝑝 > 𝑝0𝑝 < 𝑝0

The subcritical Hopf bifurcation behaves as follows:

- below the critical value of 𝑝 there is a stable spiral 
surrounded by an unstable limit cycle

- the limit cycle radius shrinks as 𝑝 increases

- at the critical value the cycle collapses to a fixed point

- above the critical value there is an unstable spiral
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Degenerate Hopf bifurcation

The degenerate Hopf bifurcation behaves as follows:

- below the critical value of 𝑝 there is a stable spiral

- at the critical value of 𝑝 the spiral becomes a nonlinear centre
whose orbit is not isolated (𝑟(𝑡) depends on initial conditions)

- above the critical value of 𝑝 there is an unstable spiral

• Called a ‘degenerate’ bifurcation because there is a non-isolated orbit 
at the critical parameter value

• The degenerate Hopf bifurcation has no limit cycles for any 
value of the parameter 𝑝
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Hopf bifurcation example

<latexit sha1_base64="7gFySR9V2JhxDREwBxNjsJYvQxM=">AAAFNnicbVNLb9QwEE6X5RWehSOXEV1QEaXKLqJUSEhIPFRxAokC0npZOYmTmsaOazvbBCu/iSt/hAMXOCGu/AQmybJlW6zdaPzNzDfjz+NQZdzYIPi20jvVP33m7Lnz/oWLly5fubp67a3JCx2x3SjPcv0+pIZlXLJdy23G3ivNqAgz9i7cf9r4382YNjyXb2yl2ETQVPKER9QiNF3t7TzNpeEx02D3GJjKWCZgQEKWculCQa </latexit>

Consider the system


ẋ
ẏ

�
=


px� y + xy2

x+ py + y3

�
= f(x, y)

• Just one equilibrium point: f(x, y) = (0, 0) =) (x, y) = (0, 0)

• Eigenvalues of Jocabian at (x, y) = (0, 0):

Df(0, 0) =


p+ y2 �1 + 2xy

1 p+ 3y2

�����
(0,0)

=


p �1
1 p

�
=) �± = p± j

• From this we expect a Hopf bifurcation at p = 0
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Hopf bifurcation example (cont’d)
<latexit sha1_base64="7AJHGjj24yk5zH/lkolpfC6MsDI="></latexit>

What type of Hopf bifurcation does this system have?

Transform into polar coordinates: ṙ =
xẋ+ yẏ

r
= r(p+ r2 cos2 ✓)

✓̇ =
xẏ � yẋ

r2
= 1

- p > 0 =) ṙ � pr ṙ > 0 for all t
so no limit cycle

- p = 0 =) ṙ � 0 ṙ � 0 for all t
so no limit cycle

- p < 0 =) ṙ = pr + ry2 ṙ < 0 for y < |p|1/2
so a stable spiral

Therefore a subcritical Hopf bifurcation occurs at p = 0,
so expect an unstable limit cycle
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Hopf bifurcation example: phase portraits

<latexit sha1_base64="FOQfPKGvyh6iigJugKCMm5cjyEM="></latexit>

ẋ = px� y + xy2

ẏ = x+ py + y3
()

ṙ = r(p+ r2 cos2 ✓)

✓̇ = 1

<latexit sha1_base64="9tvpgomXalLnXVwBLBSx4ddLUTs="></latexit>

p = �1
<latexit sha1_base64="XDrEv+x4LvGDmYMHgGLbdLcQ4Ck="></latexit>

p = 0
<latexit sha1_base64="j8CrPOvXow+LwD4mcTUcQbYHyXs="></latexit>

p = 1


