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Lecture 8 overview

• We will investigate the behaviour of these maps graphically 
using cobweb plots

• Now we shift attention away from differential equations 
and consider discrete time systems, particularly 1-D maps:

• Unlike 1-D differential systems, the discrete 1-D map can exhibit 
the phenomenon of chaos; a few mathematical techniques will help 
analyze such systems

• Finally we return to differential systems, examining the
chaotic Lorenz equations and identifying a strange attractor

<latexit sha1_base64="ApOudEuIsioLcmI8vS85AaibG0Q="></latexit>

xk+1 = F (xk)
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Analysis of map fixed points
<latexit sha1_base64="g+nkMLru0euI9pZONEdEG7UdNuU=">AAAFwXichVRbb9s2FFbieW21S5sO6EtfiMXzkqYN7ADN8tACwZJ5wx6GDmsugOkaFHUkE6YohaTsuIR+037PfsrednSxnRswGhAOv3M/56ODTApje71/NjZbX7S/fPT4if/V1998+/TZ1vNzk+aawxlPZaovA2ZACgVnVlgJl5kGlgQSLoLpSam/mIE2IlUf7SKDUcJiJSLBmUVovLX5Nw0gFsoJC4n4DIVPdSn6v4oZKMJIKA </latexit>

• Given a discrete map xk+1 = F(xk), a fixed point x⇤ satisfies

x⇤ = F(x⇤)

• The map’s behaviour near the equilibrium point x⇤ can be char-
acterised by linearising F

x⇤ +wk+1 = F(x⇤) +DF(x⇤)wk + . . .

=) wk+1 = DF(x⇤)wk + . . .

• Stability can be assessed by analysing properties of the Jacobian
DF at the equilibrium point

• Note that for the 1-D case the Jacobian of the map is simply

DF (x⇤) =
dF

dx

���
x⇤
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Stability of fixed points

<latexit sha1_base64="CP8hib+eGBlptomA/H0BVw+d9ec="> </latexit>

• For a linear map the stability of the fixed point at the origin can

be understood by diagonalisation (cf example sheet 1)

xk+1 = Axk =) xn = Anx0 =) xn = V⇤nV�1x0

• The behaviour as n ! 1 determines the stability of the map,

e.g. in 2-D

lim
n!1

⇤n = lim
n!1


�n 0
0 µn

� |�|, |µ| > 1 =) unstable node

|�|, |µ| < 1 =) stable node

|�| > 1, |µ| < 1 =) saddle

• Eigenvalues inside the unit circle are stable

• Hence for the 1-D case x⇤
is a stable fixed point if |DF (x⇤)| < 1
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Cobweb diagrams

• Cobweb diagrams represent graphically the iterates of a map

• Given map 𝑥!"# = 𝐹(𝑥!), use 
the following procedure:

1. Go to position 𝑥! on the
horizontal axis

2. Draw a vertical line 
up to 𝑦 = 𝐹 𝑥!

3. Draw a horizontal to 
𝑦 = 𝑥 and set 𝑥!"# = 𝐹(𝑥!)

4. Repeat to get 𝑥!"$, etc.

y

𝑥x0

𝑦 = 𝑥

𝑦 = 𝐹(𝑥 )

𝑥1

𝑥2

𝑥3

𝑥4

𝑥5
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Example: cosine map

Cobweb diagrams for two different starting points:

Consider 𝑥!"# = cos 𝑥!
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The iteration converges to a 
fixed point 𝑥∗ = cos 𝑥∗

≈ 0.739
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The logistic map
<latexit sha1_base64="ZEy5H6GCMgIx20lYFybghDk2wpk="></latexit>

Logistic map, e.g. population dynamics

xk+1 = rxk(1� xk)

• Two fixed points

x⇤ = rx⇤(1�x⇤) =) rx⇤
h
x⇤�

⇣
1�1

r

⌘i
= 0 =) x 2 {0, 1� 1

r}

• Jacobian linearization around equilibrium points:

wk+1 = rwk(1�2x⇤) =)
(
wk+1 = rwk at x⇤ = 0

wk+1 = (2� r)wk at x⇤ = 1� 1
r

• Behaviour near x⇤ = 0: population dies out if r < 1
population grows if r > 1

• What happens at the other equilibrium point?
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Cobwebs for the logistic map
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<latexit sha1_base64="i+kAxaFghhUE5Bufa9/4ewXLitc=">AAADOHicbZJLbxMxEMedLY8SXmmRuHBZ0SKKUKPdSpRckCohVRyLRNpK2SjyemcTK7bXtb15yPJH4M6JL8ENwQdBcOCGuHLjhpMNJG0ZaUd//2Zsz3omlYxqE0VfasHalavXrq/fqN+8dfvO3cbG5rEuSkWgTQpWqNMUa2BUQNtQw+BUKsA8ZXCSDl/O4icjUJoW4o2ZSuhy3Bc0pwQbj3qNx4mBiZmfY1NWgrOTnh0+jV34Il ST3nAn3vX+ies1tqJmNLfwsogXYuvgvnz/7tvX1lFvo/Y7yQpSchCGMKx1J46k6VqsDCUMXD0pNUhMhrgPHS8F5qC7dl6JCx95koV5ofwnTDinqzss5lpPeeozOTYDfTE2g/+LdUqTt7qWClkaEKS6KC9ZaIpw9jxhRhUQw6ZeYKKorzUkA6wwMf4R60kGeTIa2WSk/YFg9zh3/k8UCBiTgnMsMpvkmFM29Zm4ZMbZROd/9bkqJVZ6SKWHGnzbRN8M7LwZY5r54m3UbD1bWVd3+4qA22TmOyudU5A5u52kJWNgtl13kZ3mE2u9DyfuH8krki9JvyL9JZEVkUtyVpGzJTmsyOGSjCsydrNhiS+OxmVxvNeM95vxaz81+6iydfQAPUQ7KEbP0QF6hY5QGxH0Fn1An9Dn4GPwPfgR/KxSg9pizz10zoJffwAdSxUO</latexit>

xk+1 = rxk(1� xk)
<latexit sha1_base64="aWTqDS0XM0VZxbHM6rz48Zj+8OY="></latexit>

x0 = 0.752

<latexit sha1_base64="wbdg5ofAQgCRyvuBTrm+kCfcGGs="></latexit>

r = 0.9
<latexit sha1_base64="PkZDib0UXMZ2hpqm9sYvoqzu6ww="></latexit>

r = 2.5

<latexit sha1_base64="FWsDdolR1DiSifCKJp/gseqokjg="></latexit>

r = 3.5
<latexit sha1_base64="gSduPdrC0xStzmPPM7oIDfV/o88="></latexit>

r = 4

<latexit sha1_base64="bYYnoxFDpENmSGK5E3I89GMsw1s=">AAADlnicbZJJbxMxFICdhqUMWwsXRC8WCRKHKMpUovSEihCFY5FoUykTRR7Pc2LFy9T2ZMGaIz+S38Av4IYnkzZdeNJYz99b/ealueDW9Xq/G1vNe/cfPNx+FD1+8vTZ853dF2dWF4bCKdVCm/OUWBBcwanjTsB5boDIVEA/nX6u7P0ZGMu1+uGWOQwlGSvOOCUuoNHOr08Wt00bc0VDmAWLc2IdjjuY8QVkONdcOSz1LFjInC wxM1rin2B0lCRRn7sJZoVxEzBXKYJSpexgq0VRVcEpUC2r1GC4zjjt4BCgMLm8R6OdVq/bWwm+q8RrpYXWcjLabfxNMk0LCcpRQawdxL3cDT0xjlMBZZQUFnJCp2QMg6AqEuoP/WpeJX4bSIaZNuELr1vR6xGeSGuXMg2ekriJvW2r4P9sg8Kxw6HnKi8cKFoXYoXATuNq+DjjBqgTy6AQanjoFdMJMYS68IuiJAOWzGY+mdmQEPy+lGV4iQEF8zBASVTmE0YkF8vgSQrhSp9Ydqnf6DInxk55HqCFsBRq7CY+cbBwc56F5n2ve/j+2r2uHToC6ZPqHKyMq8l4A1np20laCAGuXQ7X3ilbeB9OvCivCKsJ25BxTcYbktck35CLmlxsyHFNjjdkXpN5WYZliW+vxl3lbL8bH3Tj7/uto4P12myjPfQGvUMx+oCO0Dd0gk4RRX8au43Xjb3mq+bH5pfm19p1q7GOeYluSPPkH4gdLSE=</latexit>

As r increases past 1, fixed point moves away from zero
With further increase in r, solution becomes periodic, then aperiodic



<latexit sha1_base64="FWsDdolR1DiSifCKJp/gseqokjg="></latexit>

r = 3.5
<latexit sha1_base64="njPnteyj8LiCJuZl9wrFN7eDQlU="></latexit>

r = 3.3
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Simulations for the logistic map
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<latexit sha1_base64="OJ6b7soi//jnDpVejSulZqa/C7k="></latexit>

r = 3.9

<latexit sha1_base64="8BX5d/NmCMIfgVkzgLLwcE8zbUc="></latexit>

• r = 3.3: trajectory is periodic
r = 3.5: double-periodic
r = 3.9: aperiodic

• Initial condition x0

doesn’t a↵ect results

<latexit sha1_base64="km9Wtn+7dTpEwY/r8WaAi8XcEi4="></latexit>xk

<latexit sha1_base64="km9Wtn+7dTpEwY/r8WaAi8XcEi4="></latexit>xk

<latexit sha1_base64="km9Wtn+7dTpEwY/r8WaAi8XcEi4="></latexit>xk

<latexit sha1_base64="cyeQf3bFSYiPqWBzkTOieLN0nL0="></latexit>

k
<latexit sha1_base64="cyeQf3bFSYiPqWBzkTOieLN0nL0="></latexit>

k

<latexit sha1_base64="cyeQf3bFSYiPqWBzkTOieLN0nL0="></latexit>

k
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Behaviour of the logistic map

<latexit sha1_base64="/kerlkWuv/S17ji5kcHOwIssrow=">AAAH7nicdVVLjyM1EK6ZJWQJrx32AuJiMUFaxBCSrHbZA6BFI404LtLM7krpMHK73YmVfo3tzoNW/w1uiCt/iZ/CjXK5M0lPZjvqdvmr8lcPl52wSJSxw+G/R8cP3uu83334Qe/Djz7+5NNHJ5+9NnmphbwSeZLrtyE3MlGZvLLKJvJtoSVPw0S+CRfnTv9mKbVReXZpN4WcpnyWqVgJbhHKT44zOIccMjCgIAIJGhgUiCjELK </latexit>

Consider points near x⇤ = 1� 1/r where the map’s linearization is

wk+1 = (2� r)wk

• This equilibrium is stable if |2� r|  1, i.e. 1  r  3

• For r > 3, (2 � r) < �1, so oscillations appear, with period
doubling at fixed values of r as r increases

• The rate of doubling increases until r approaches ⇠3.57, at which
point the response ceases to be periodic

• As r continues to increase, the aperiodic behaviour continues
with brief intermittent ‘islands of stability’ that are periodic
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Periodicity of the logistic map
<latexit sha1_base64="EX/BTOYiyWRz+m8uTYu2Ku1Q2DQ=">AAAGtXiclVTbcts2EKUTV03YS+L2MS87teqRa1kV5cRxbzNpO+Ppo3txkhlB9oAgSGFEAhQA6hIMv6Zf1U/pW5cXWbbTh5bD4SzOLrhnzy4Q5qkwdjj8a+fBw90POh8+eux/9PEnnz55uvfZa6MKzfglU6nSb0NqeCokv7TCpvxtrjnNwpS/CWc/V/43C66NUPIPu875JKOJFLFg1CJ0vffwTxLyREgnLM/EO176RFemf8G1UJ </latexit>

• Periodicity can be investigated by considering expressions like

xk+2 = F
�
F (xk)

�
= r2xk(1� xk)

⇥
1� rxk(1� xk)

⇤

• Fixed points of this map are called 2-cycles (they have period 2)
and solve the equation

x⇤ = F
�
F (x⇤)

�
= r2x⇤(1� x⇤)

⇥
1� rx⇤(1� x⇤)

⇤

=) x⇤ 2
n
0, 1� 1

r ,
1
2 (1 +

1
r )
⇥
1� ( r�3

1+r )
1/2

⇤
,

1
2 (1 +

1
r )
⇥
1 + ( r�3

1+r )
1/2

⇤o

• A bifurcation occurs at r = 3, when the last 2 roots become real;
linearizing around these roots) stable for 3 < r  1+

p
6 ⇡ 3.45

• Similar analysis is possible for 4-cycles, 8-cycles, . . . but quickly
becomes intractable
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Orbit diagrams

<latexit sha1_base64="lcZgo5IkTjaSZUnNdHUlWrhMm+E=">AAAFN3icdVNNj9xEEPUOAwnmKwtHLiXWkTYSGs0sIeQSKShSRG4Bskmk9WjVbpft1vZXutszO1j+B/wabgj+CKfcEFeO3Ki2ZzPJJtuyZ8qvq6te1asurBQ+zOd/7U3em77/wbXrH6YfffzJp5/d2P/8qTet43jMjTTuecE8SqHxOIgg8bl1yFQh8Vlx9iDuP1uh88LoJ2FjcalYrUUlOAsEne5Pbn6vwbhCBCgFqx1T9O+tZB </latexit>

An orbit diagram displays how a map changes with respect to a param-
eter (and an initial value)

The process

1. Choose a value of r and a starting point x0

2. Iterate the map m times (e.g. m = a few hundred)

3. Record the values obtained when iterating another n times (e.g.
n = a few hundred), and plot them on the diagram

4. Change r and repeat

Several plots are given in the lecture notes
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Orbit diagram for the logistic map

Observe the bifurcations and doubling, as well as the descent into 
aperiodicity

𝑟

𝑥
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Chaos

<latexit sha1_base64="c5RJWwEDX5RmfiNcvKrvsxtsVxI=">AAAF1nichVNNb9w2EJW93TbZfsXpsZdBnQABChu7BpoEOTlwEPSYoHFiZLUwKGoksaZImqR2vSWUW5Frf1T/RH9Kbx1K613HdhFhVxg9Djlv3htmRgrnx+N/trYHXwy//OrO3dHX33z73ff3du6/dbqxHI+5ltqeZMyhFAqPvfAST4xFVmcS32VnR3H93RytE1q98UuDs5qVShSCM0/Q6c72328qBKlLKiU41MyAkLJx3jKPDj </latexit>

The logistic map illustrates the phenomenon of dynamical chaos

Chaos is defined as aperiodic long-term behaviour in a deterministic
system that has a sensitive dependence on initial conditions

- Aperiodic long-term behaviour: The trajectories never settle down
to fixed points or periodic orbits

- Deterministic system: The trajectory is the solution of an equa-
tion with no noise - everything is certain and precise

- Sensitive to initial conditions: Trajectories that pass through
points that are close together in phase space diverge with time
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Lyapunov exponent
<latexit sha1_base64="rRrCJfe4cNVmn/wVg9l2cXYCOSQ=">AAAGZnichVTfj9tEEPY1NBQDpQdCPPAy4kx1J3RREolSVUKqVOnEAw9FumsrZcNpvR7bq6x3fbvr/MDKX8ZfwiNvCP4C3hjbyeVydypWYs1+Mzvz7Xi+jUslnR8O/zh40PvgYf/DRx+FH3/y6ePPnhx+/saZygq8EEYZ+y7mDpXUeOGlV/iutMiLWOHbePaq8b+do3XS6HO/KnFa8EzLVAruCbo87J2zGDOpa+mxkL/hOmS2Mc </latexit>

• The Lyapunov exponent measures how fast solutions that are
initially close together in phase space diverge (i.e. it quantifies
sensitivity to initial conditions)

• Consider the e↵ect on long-term behaviour when perturbing the
initial condition from x0 to x0 + w0:

x1 + w1 = F (x0 + w0)

x2 + w2 = F (F (x0 + w0))

...

xk + wk = F (· · ·F (x0 + w0))

=)

w1 = F (x0 + w0)� F (x0)

w2 = F (F (x0 + w0))

� F (F (x0))

...

wk = F (· · ·F (x0 + w0))

� F (· · ·F (x0))

• The Lyapunov exponent � scales the growth rate of wk:

|wk| ⇡ |w0|e�k
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Determination of Lyapunov exponents
<latexit sha1_base64="/RiBs5hEyHx0O15T27fXwh5g4o0="></latexit>

Compute Lyapunov exponents using linearisation:

w1 = F (x0 + w0)� x1

⇡ F (x0) +DF (x0)w0 � x1 = DF (x0)w0

w2 ⇡ DF (x1)w1

⇡ DF (x1)DF (x0)w0

...

wk ⇡
k�1Y

i=1

DF (xi)w0

The Lyapunov exponent is then given by

� = lim
k!1

lim
|w0|!0

1

k
ln
���
wk

w0

��� ⇡
1

k

k�1X

i=0

ln|DF (xi)| (accurate for large k)
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Lyapunov exponents for the logistic map
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<latexit sha1_base64="bf1ji74w92ZVqRJ2mhNjRtzHqr8="></latexit>

Dips in the exponent indicate periodic solutions

<latexit sha1_base64="CPBaJyUMk9P7RSZHrVH7VmZ7O3k="></latexit>r

<latexit sha1_base64="LbZchNLQR2vkH9bGlOUw0d2VnJc="></latexit> L
ya
pu

no
v
ex
p
on

en
t
�
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Chaos in flows

<latexit sha1_base64="JZqQMWl0sRObmK4QpARH2YqPvjc=">AAAGHnicdVTfb9s2EFbqeWu1bm26x74clsxwCtuwMzQtiq0oUKDYgD1kQ9MWiLyAoiiJMEXJJGVLJvSH7K3o/pe9DXvd/pS97fRjsZNsBCQeP959PH13lJ8Jrs10+tferd5H/Y8/uX3H/fTuZ5/fu7//4I1Oc0XZGU1Fqt75RDPBJTsz3Aj2LlOMJL5gb/3Fy3r/7YopzVP52pQZmyckkjzklBiELvZ7d1/GJNVAiQQidAoppb </latexit>

Chaos can also occur in di↵erential systems

The Lorenz equations, which model convection in the atmosphere,
are a well-known system that exhibits chaos:

ẋ = �(y � x) � > 0 : Prandtl number

ẏ = rx� y � xz r > 0 : Rayleigh number

ż = xy � bz b > 0 : constant parameter

• If r < 1, the only equilibrium is the origin

• If r > 1 two more equilibria appear via a pitchfork bifurcation:

(x⇤, y⇤, z⇤) 2
��p

b(r � 1),
p

b(r � 1), r � 1
�
,

�
�
p
b(r � 1),�

p
b(r � 1), r � 1

� 
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Volume contraction in the Lorenz equations

<latexit sha1_base64="kCNGgFm85hScGti81y8FuxA4RU0=">AAAF7nicbVRNb9tGEKWtqk3Zrzg99jKt1cJBbUMy0CQoGiBAAKOHHlKkVgKIgrFcDqmtl7v07lJfBP9Gb0Wv/UsF+kd66+xSsWQ7BCSN3jxyZ968YVpJYd1w+M/efu+D/ocfPfg4/uTTzz7/4uHBo7HVteF4wbXU5m3KLEqh8MIJJ/FtZZCVqcQ36dVLn38zR2OFVr+5VYXTkhVK5IIzR9Dlwf6/50aX4GYIv2iDag14XYecjR </latexit>

From the Lorenz equations ẋ = �(y � x)

ẏ = rx� y � xz

ż = xy � bz

we can compute the divergence of the flow:

r · f = @�(y � x)

@x
+

@rx� y � xz

@y
+

@xy � bz

@z
= �(1 + b+ �)

• Since r · f < 0, we have, for any control volume V :
Z

V
r · f dV =

I

@V
f · dS = flow out� flow in < 0

• So trajectories converge to a zero-volume region of phase space
but this zero-volume solution is neither a point or a limit cycle!
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Lorenz equations: stability 1

<latexit sha1_base64="YqetgOKkFb9VCXXklIzRhUhKcbk=">AAAFi3icbVRNb9s4EFWSuu2qX0n3uJdBkwI9tIGdoh8ogkUWiwY95NACTVsgMgKKGtls+KGQlG1F0A/d2/6N3jqUnMhJS9gC+WaG7/FxpLSQwvnh8L+19Y1bg9t37v4R37v/4OGjza3HX5wpLcdjbqSx31LmUAqNx154id8Ki0ylEr+mZ/+G+NcZWieM/uyrAseKTbTIBWeeoNOt9SpJcSJ0LTwqcYFNnNgwjf8BZ2QZksDk4K </latexit>

• A solution of the Lorenz equations cannot have unstable equilib-
rium points or unstable periodic orbits – both of these types of
solution imply expansion of the state space, not contraction

• Any fixed points must therefore be stable or saddles
if there are limit cycles, they must be stable

• Linearization reveals that the origin is a stable node for r < 1
and a saddle for r > 1

• For r < 1 Lyapunov analysis shows that the system is globally
asymptotically stable – there are no limit cycles and all trajectories
fall into the origin
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Lorenz equations: stability 2
<latexit sha1_base64="Q/EBYg1dqIgDX/uSqLYu5uF8yCg=">AAAEyHichZNta9RAEMfT89Qan1p9KcJgT2iRHpeKtYiWQqEcolDBPsDlKJvNJLc02aS7m7ueS974ofwufhTfOblce9cHdGHD7G9nZ/+ZmQ3yRGjT6fxeaNxp3r13f/GB+/DR4ydPl5afHeqsUBwPeJZk6jhgGhMh8cAIk+BxrpClQYJHwelutX80RKVFJr+bcY79lMVSRIIzQ+hkeeGXH2AspBUGU/EDS9dXlenuZQpaCrbBa4 </latexit>

• For r > 1 two new equilibria appear: assume � � b > 1 and let

rH =
�(� + b+ 3)

� � b� 1

then for

- 1 < r < rH the two new equilibria are stable

- r = rH they undergo a Hopf bifurcation

- r > rH there is a saddle point (and no attractors nearby)



22

Strange attractor

<latexit sha1_base64="LmRR7RqThWpxLoGtpf5nZW1Qdfs="></latexit>

Here we have a situation where:

- the volume occupied by neighbouring trajectories in phase space

is always contracting

- there are no stable equilibrium points

- there are no stable limit cycles for r > rH (Lorenz proved this)

- trajectories cannot go to infinity

We conclude that there must be a zero-volume object that attracts the

trajectories - we call this a strange attractor
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The Lorenz butterfly
<latexit sha1_base64="Q/sbfaAxXK6pl9fEhoGpNGuPCgU=">AAAEAnicbZJLb9QwEMeTLo8SHm3hyMWiAW2lZZUsUMphpUpIFcci0Ye0WVWO46SmtpPazm5SKzcE34Ub4soX4WNw5IbzaLcPLMWa/P4zHntmwowSqTzvt73Uu3X7zt3le879Bw8frayuPd6XaS4Q3kMpTcVhCCWmhOM9RRTFh5nAkIUUH4Qn72v9YIaFJCn/pMoMTxlMOIkJgsqgo9U/uzRVII2BTGleI6AE/IyRSkUJ4lQAN5 </latexit>

Plot of solution trajectory for � = 3, r = 29.4, b = 1
initial condition (x, y, z) = (0.1, 0.1, 0.1)

ẋ = �(y � x)

ẏ = rx� y � xz

ż = xy � bz
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The Mandelbrot set

<latexit sha1_base64="XyNCIlF/xBaDIh/av2rVrpqBTIs=">AAAFB3icbVJNixRJEK1p26/yez3uJXBaEJShe0BXWBYEQfayoOA4Qmc7ZGVFVSedlVlmZnVPT1KXvS27/8Xb4tWf4Q/x4M3IqnbaUbOhiH4ZGS/ixctqJZ0fjz/uDM4Nz1+4eOlyeuXqtes3bt765ZUzjRV4IIwy9nXGHSqp8cBLr/B1bZFXmcLDbPE03h8u0Tpp9Eu/rnFW8VLLQgruCTq6tfPpEEGbFVhcSic9cKh4DTkWVD </latexit>

We now revisit a map defined over the complex numbers by

zk+1 = z2k + c, c 2 C

• The point c belongs to the Mandelbrot set if this iteration re-
mains bounded for all k when starting at z0 = 0

• To illustrate the set, we use di↵erent colours to show the rate of
divergence at c

• The Mandelbrot set is a strange attractor for the map; colours
indicate how close the points are to the attractor
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Thank you!


